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I. INTRODUCTION 
Recently, several experimental attempts have been made 
to evaluate the three-dimensional strain fields in hot 
forming processes using photoplastic techniques. This ap­
proach is based on the permanent birefringence which remain 
locked into a photoplastic material after large plastic de­
formation. From this, predictions of the three-dimensional 
strain fields in hot worked metal may be made. Photoplasti-
city is a whole field technique. It is an extension of 
linear photoelasticity into the plastic region. The materials 
used, in contrast ro those that are common in photoelasticity, 
have an optical response that is a function of the plastic 
strains. 
Metal forming is a very old process. It is also a very 
important one because the capacity of manufactured metallic 
products require partially or totally a forming operation. 
Although such processes have a long existence, no theory is 
available at present which will adequately predict the 
distribution of strains as well as the influence of the co­
efficient of friction on the strain distribution associated 
with a particular forming process. 
When metal is formed, a friction force is generated be­
tween the tool and the workplace. This force is a very im­
portant parameter in the deformation and flow of the work-
piece. If it is incorrectly used, it raises power require-
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merits: and it is the major cause of inhomogeneous deformation 
in the metal. It frequently limits the maximum attainable 
deformation, decreases quality, and introduces defects in 
the final product. It is, therefore, not surprising that 
numerous analytical and experimental methods have been tried 
to evaluate friction in metal-forming processes. On the 
other hand, in many metal-forming processes such as rolling 
and extruding, defects in the finished product and the 
associated need for reruelting and reworking enormous volumes 
of materials cause the metal industry significant additional 
costs each year. To reduce this waste of labor and energy, a 
better understanding of the effects of process variables such 
as friction, billet geometry, amount of deformation per pass, 
roll diameter, and roll speed, on the three-dimensional strain 
field produced by these processes is needed. 
The research presented here uses the 100 percent rigid 
Laminae resin as a model material. An attempt was made to 
give additional information about the material properties and 
the effect of the relaxation on the strain distribution in 
the models tested. Results of the photoplastic analysis of 
axially compressed rings are presented. The three-dimensional 
strain distribution was obtained for two different frictions 
and for different amounts of compression from 8% to 24%. 
The position of the neutral radius, which forms a dividing 
line between flow inward and flow outward, was determined and 
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it is shown that it varies through the thickness of the ring. 
The information obtained about the nonuniform strain distribu­
tion of the ring axially compressed provides a better insight 
into the ring compression test and the effects of friction. 
This research also presents a three-dimensional analysis 
of the strain field that develops during hot rolling of thick 
strip. The dependence of the strains on billet geometry and 
roll diameter is presented for a particular roll speed, 
percent reduction per pass, and coefficient of friction. 
The distribution of strains determined from this analysis 
can be related to the edge contours known to form during 
commercial hot rolling of aluminum. The "double bulge" that 
frequently occurs can be clearly observed on the polyester 
rolled strip and its origin is relatec. with the billet 
geometry and roll diameter. Also, a full three-dimensional 
strain distribution is presented for a particular strip 
geometry as it drives through the rolls. 
This relative new application of photoplastic technique 
offers exciting, investigative possibilities to obtain quali­
tative and quantitative results in the field of deformation 
processing. 
In the author's opinion, the obtained experimental results 
from model studies can help with basic data to develop an 
acceptable theory and to develop and test suitable finite 
element or another incremental solutions. 
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II. REVIEW OF LITERATURE 
A. Review of Photoplastic Studies 
The optical response called birefringence that some 
materials exhibit in the inelastic range was first observed 
in glass in the early 1900's by Filon [1]^. Years later 
Coker and Chakko [2] and Filon and Jessop [3] investigated 
the properties of celluloid in the inelastic region. It was, 
however, not until the early 1950's that much additional pub­
lished work on the subject appeared. Fried [4] observed the 
optical effects in different materials when they were stressed 
beyond the elastic limit. The study included polystyrene 
lucite, plexiglas, nylon, cellulose acetate, silver chloride, 
and celluloid. He found celluloid to be an acceptable 
material and used it to determine stress concentration factor 
and strain distribution when loaded under creep conditions. 
Hetenyi [5] used nylon copolymer in tension tests to study the 
optical indication of yielding and found that isochromatics 
were related to the strain distribution. Bayoumi and Frankl 
[6 3 proposed some fundamental relations in photoplasticity. 
They attempted to express in mathematical form the relation­
ship between relative retardation (fringe order) and the 
stress and strain difference based on tensile and creep data 
from Catalin 800, CR-39, Marblette, and different Bakelite 
^Number in brackets designate references on pages 144-151 
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resins. Their results showed that both the states of stress 
and strain are independent of the history of loading, and for 
the unloaded specimen, the fringe order would be related 
only with the strain terms. This feature was also observed 
by Fried and Shoup [7] in a study of -t-he photoplastic effect 
in a region of large deformation for polyethylene. They 
found that the optical retardation varied linearly with 
principal strain difference well beyond the linear range of 
behavior between stress and strain. 
It was not before the basics concepts were established 
that extensive studies of celluloid as a photoplastic material 
appeared. Nisida, Hondo, and Hasumuma [8] found good agree­
ment between experimental results and analytical predictions 
for the problems of elastic-plastic bending of a beam. Ito 
[9 J showed that a maximum shear stress criterion could be 
used to predict yielding in celluloid. A very extensive 
study of elastic-plastic behavior of celluloid under uni­
axial and triaxial states of stress was made by Frocht and 
co-workers [10-14]. They established the general stress-
optic law under constant test conditions of temperature, 
relative humidity, optic path length, and time after loading. 
They also established that celluloid was a suitable material 
for some studies of elastic-plastic behavior in aluminum pro­
totypes. One precaution was indicated by Frocht and Cheng 
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[14] and also by Monch and Loreck [15]. They observed that 
the celluloid was optically nonhomogeneous when received 
from the suppliers and suggested a heat treatment to eliminate 
the initial fringe patterns. 
Another material that has been used as a photoplastic 
material is polycarbonate. It was first suggested by 
[16]. Brill [17] used polycarbonate to perform basic studies 
in one- and two-dimensional photoplasticity. He found that 
the isochromatic parameter is a function of the principal 
strain difference and that the isoclinic parameter provider 
information about the principal strain direction. He also 
presented an extensive literature review on the subject. 
Whitfield and Smith [18] used the rapid increase in fringe 
density to define a localized yield zone. Brinccn [19,201. 
Theocaris and Gdoutos [21] , and Freire and Riley [22] also 
used polycarbonate in the study of yield zones. Dally and 
Mule [23] use polycarbonate and a slicing technique to study 
strain fields associated with unloaded frozen strain models. 
A very extensive literature review is given by Javornicky [24] 
in his book and by Ketenyi [25]. 
One of the most difficult problems always encountered 
when attempting to obtain strain information by photoplastic 
methods is the selection of a model material which has 
stress-strain characteristics that simulate the real material. 
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Several of the materials previously mentioned were satis­
factory within the limited scale required by a particular 
problem. Many of the tests involved limited plastic defor­
mation and do not appear to be satisfactory for studying 
phenomena associated with large plastic deformations such as 
is encountered in metal forming processes. Morris and Riley 
[26] developed a photoplastic material which appeared to be 
well-suited for studies beyond the elastic limit. A rigid 
polyester resin and a flexible one were mixed together in 
varying proportions to control the basic shape of the tensile 
stress-strain curve. Burger, Oyinlola, and Scott [27] adopted 
this material as a photomechanics material and showed that it 
may be used to obtain three-dimensional photoplastic data for 
rolled billets. Koenig [28] tested many different mixture 
ratios and found that by varying the ratios and the test 
temperatures, the plastic flow properties of the material 
could be made to match hot aluminum reasonably well. He ob­
tained photoplastic optical properties and demonstrated its 
usefulness in the extrusion of round billets. He finally 
chose two mixtures of a "rigid" and a "flexible" resin, 
namely. 60/40 and 70/30 mixtures by weight of Laminae poly­
ester resin 4116 (rigid) and 4134 (flexible). These were de­
formed at temperatures between 40°C and 51°C. The variation 
in temperatures were necessitated by the variations in 
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brittleness that occur between cashing of different size. The 
exact temperature was selected tu best model the stress-strain 
behavior of hot aluminum (400-500°F). Zachary and Riley [29] 
studied the properties of Oyinlola's [27,30] mixture more 
fully, but their tests were at much lower temperatures where 
the properties were extremely sensitive to strain rates. They 
established that the retained fringe order after removal of 
the load is a linear function of the retained principal strain 
difference. They also indicated that, for the mixture 70/30, 
a modified von Mises yield criterion may describe the yield 
behavior of the polyester material under multi-axial states 
of stress. El-Hout [31] showed that the Laminae resin 
exhibit some degree of viscoelasticity; i.e., various amounts 
of the strains induced by the deformation processes relaxes 
out of the model after the load is removed. In an attempt to 
reduce the percentage of springback (visco-elastic relaxation), 
he tested castings from pure Laminae 4116 (100 percent rigid) 
polyester resin and concluded that the amount of relaxation 
is less than for mixture ratios of 60/40 and 70/30. Freire 
and Riley [22] also studied the yield behavior of the Laminae 
polyester resin 4116 (rigid) and 4134 (flexible). The} 
present results for different mixture ratios in biaxial-
stress fields and show that a modified von Mises yield cri­
terion proposed by Raghara and Caddell [32] may describe 
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the yield behavior of the polyester resin. Burger, Scott, 
and Gomide [33] used the 100 percent rigid Laminae polyester 
resin to study the strain distribution in upset rings. They 
found good agreement between the measured edges displacement 
and the integral of the strain distribution in the radial 
direction on the middle plane of the ring. In a subsequent 
study by Gomide and Burger [34] the same material was used 
to determine the effect of friction on the deformation and 
flow of rings in axial compression. They showed that the 
position of the neutral radius varies through the thickness 
of the ring. 
B. Review of Studies with Upset 
Forged Rings 
The importance of friction in all forming operations 
has led Lo the development of various experimental methods 
to determine the coefficien . of friction and to study how it 
affects the various deformation processes. The most en­
couraging approach to studying the effects of friction is 
the ring compression test developed by Male and Cockcroft 
[35J. They related friction to the change in internal 
diameter of a ring as it is axially compressed and did an 
experimental calibration for the ring geometry 6:3:2 (out­
side diameter : inside diameter : thickness) . In their study a 
calibration for the variation of the internal diameter with 
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amount of deformation over the complete range of friction 
(zero to full sticking) was obtained. The experiments were 
performed to determine the loads necessary to axially deform 
disk-shaped specimens by various amounts, and the coefficient 
of friction was calculated from the results using the analysis 
of Schroeder and Webster [36]. Yield-stress values required 
for the analysis were obtained by compression test on tall cyl­
inders [37]. Ring specimens produced from the same material as 
used for the disk and treated in the same manner were com­
pressed under identical conditions and curves were obtained 
for the change in shape of the rings due to deformation under 
known friction. Subsequently, Male [38] attempted to obtain 
more information about the apparent variations in friction 
Lhat occurred during compressive deformation under non-
lubricated conditions. He explained the variations in terms 
of the physical properties of the surface oxide and contami­
nant films at the tool/workpiece interface. Another study 
to obtain friction information was made by De Pierre and 
Gurney [39] . They showed that the friction is not constant 
during the deformation, but that the assumption of constant 
friction can be used if the compression is done incremental­
ly such that the value of the friction can be considered 
constant during each increment. More recently, Seguchi 
et al. [40] used a mathematical model to develop a "Sliding 
Rule of Friction," which gives theoretical evidence 
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that the coefficient of friction increases with the contact 
area as the plastic deformation increases. 
Several theoretical analyses of ring upsetting have 
b e e n  p e r f o r m e d  b y  A v i t z u r  [ 4 1 ] ,  H a w k y a r d  a n d  J o h n s o n  [ 4 2 ] ,  
and Van Sant [43]; but none of these were concerned with 
the strain field. Most of them assume constant friction 
during the compression, disregard bulging or barreling of the 
sides, or assume an expression for the neutral radius. Male 
and De Pierre [44] attempted to include the effect of work 
hardening by assuming that the instantaneous ratio of the 
frictional stress to flow stress remains constant during the 
process. When they compared theory with experiment, they 
found that the test results under light friction condition 
exceeded the theoretical maximum curve where the frictional 
stress is equal to the shear yield stress. This discrepancy 
was also found in a subsequent report by Sawl, Male, and 
De Pierre [45] in predicting material flow stress using ring 
compression. It was suggested that the discrepancy may be 
due to the bulging on the free surfaces of the ring. The 
first satisfactory analysis of the compression of a flat ring 
with bulge formation was made by Avitzur [46] through an 
optimum upper bound mathematical solution. The solution was 
based on the following assumptions: (a) rhe ring material 
obeyr von Mises' stress-strain rate laws, implying no 
stra .n hardening effects, no elastic deformation and no 
vol imetric: change, (b) a constant friction factor, m, for a 
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given die and material under constant surface and temperature 
conditions such that the interface shear stress, x, is given 
by T = mOg/ZS, where OQ = basic yield stress of the ring 
material, and (c) assume the velocity field for the 
ringe compression. Unfortunately, he employed an upper bound 
approach which provides information about load and geometric 
changes but does not reveal material flow patterns. De Pierre, 
Gurney, and Male [47] showed that the mathematical solution 
of Avitzur [46] for bulging in compression of hollow disks 
can be used for accurate calibration of ring specimens of 
various geometries when the interface "friction factor" 
remains constant. 
Another analysis by Liu [48] also considered bulging of 
the ring. Lee and Altan [49] took into account bulge formation 
as well as its dependence on the deformation on the material. 
They used a finite element approach. One of the most advanced 
studies in this direction using finite elements is by Chen 
and Kobayashi [50]. They obtained solutions for ring com­
pression with different frictions and for different materials. 
A comparison of the numerical solution with those by the upper 
bound method [46,47] shows that the two solutions coincide 
with each other for the small reduction range (reduction 
<25%), but deviate considerably for large deformations. 
Their solutions not only provide information about the geo­
metrical changes and load displacement curves that should 
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occur in the ring, but also reveals some details of the flow 
pattern. 
C. Review on Strip Rolling 
In the metal forming industry hot rolling is one of the 
most important forming processes. It is well-known that 
when metal is shaped by hot rolling, cracks and inclusions 
often occur. Gusminsky and Ellis [51] reported that 10 to 
15 percent of the total width of rolled strip is recirculated 
because of cracking. In a more recent publication, Nussbaum 
[52] pointed out that as much as 30 percent of rolled or 
extruded metals may be scrap. The defects that occur in the 
hot formed metal are a consequence of various parameters that 
are not taken into account in the metal forming industry. 
A good theoretical analysis is not yet available to predict 
satisfactorily the way in which metals flow during hot 
forming nor to predict how the various process variables 
affect the flow patterns. A notable contribution is the 
free body equilibrium approach developed by Orowan [53] in 
which factors such as work-hardening, varying frictional 
conditions, front and back tensions, roll flattening, and 
inhomogeneous deformation could be allowed for in arriving 
at realistic quantities for rolling process. Orowan's 
approach, however, required numerical integrations to be 
performed at various stages in the analysis and many subse­
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quent investigators were persuaded to introduce simplifying 
assumptions which would facilitate an analytical solution. 
Orowan's experimental technique consisted of placing a grid 
of one material on another, usually along a plane of symmetry. 
After the composite is rolled and sectioned, the deformed 
grid pattern is used to determine the strains in the two 
directions of the original grid. Averbach [54] employed this 
technique and radiographed an embedded grid of lead in a 
cast tin bar. After the deformation, he computed the results 
only from two vertical sections along the direction of rolling, 
which in turn lead to the longitudinal and vertical strains 
directly from the radiographs. He found that axial and 
vertical strains distribution of about the same magnitude 
and direction as those reported by others at the surface of 
the bar were observed in the interior. Shabaik and Virani 
[55] used superplastic materials such as lead-tin alloys at 
room temperature to model the extrusion processes. Com­
parisons with hot extrusion of steel showed good agreement. 
Hopson et al. [56] used successive etching and polishing on a 
meridional plane to obtain details of the fiber structure as 
it relates to the flow pattern of the material in rolling. 
Most of the rolling theories are restricted to predicting 
parameters of load and torque required from a rolling mill 
[57,58]. Relatively successful analyses are also available 
for predicting lateral spread when billets with width to 
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thickness ratio larger than 6:1 are rolled [59]. When the 
billets have width to thickness ratios less than 6, such as 
is common in hot-rolling of ingots into billets, the theore­
tical predictions for lateral spread are in error. As a 
consequence, investigators had no choice but to resort to 
empirical formulas with limited ranges of application. The 
most significant of these are based on experimental results 
conducted on small slabs as proposed by Sparling [60], 
El-Kalay and Sparling [61j, and Helmi and Alexander [62]. 
Beese [63] conducted several industrial tests to determine 
if the empirical equations that were proposed by El-Kalay 
and Sparling [61] and Helmi and Alexander [62] are reliable. 
This study consisted of single-reduction tests on small 
slabs plus single-reduction tests on four large industrial 
sized slabs. He concluded that the existing equations 
for predicting spread do not give good estimates when applied 
to wide slabs rolled under industrial conditions. He pro­
posed a new equation based on industrial tests. Wusatowski 
[64] dedicated a section of his book to a discussion of 
spread in the rolling process. 
Few analytical solutions exist in the literature dealing 
with the side spread in rolling. Hill [65] proposed a 
general method of analysis of metal working problems which is 
applicable to uncontained steady and unsteady state processes. 
The solution requires the assumption of a class of 
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kinematically admissible velocity fields, which incorporate 
the unknown but assumed surface stream lines. He provides 
preliminary analyses of bar drawing, forging, and inhomo-
geneous compression and for these processes demonstrates how 
the best member from the class of chosen fields can be 
selected. Recently, attempts to apply Hill's analysis to 
rolling was made by Lahoti and Kobayashi [66] and Oh and 
Kobayashi [67]. Reference [67] deals with side spread in 
single-pass rolling; the material is regarded as being 
rigid-perfectly plastic throughout and the frictional stress 
is assumed to be a constant fraction of the shear stress of 
the material. The authors selected an admissible class of 
velocity field and derived an energy functional for the 
process. An unknown function in the velocity expressions was 
then written as a third degree polynomial and a Ritz type 
approximation was used to minimize the resulting energy 
functional. The predictions of roll torque and spread showed 
not unreasonable correspondence with experimental data 
derived from the rolling of lead bars of rectangular cross 
section studied by Chitkara and Johnson [68]. 
An up-dated review of the available literature, conducted 
for this research, revealed that no finite element solutions 
on the subject are as yet available for three-dimensional 
flow. In a recent paper, Rao and Kumar [69] have analyzed 
the cold rolling of strip using finite element techniques. 
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It was treated as a plane strain situation, deformation of 
the roll was neglected, and Coulomb friction was allowed. 
Dawson and Thompson [70] and Dawson [71] used finite 
element analysis methods thaL permit integration of the 
deformation rate tensor or deformation gradient tensor to 
obtain values of strain in a material as it flows through 
a steady-state Eulerian reference frame. They showed 
that the ability to compute strains permits a viscoplastic 
formulation which may be extended to include the effect 
of total strain in the constitutive model. Examples of 
radial axisymmetric flow, axisymmetric extrusion, and slab 
rolling were analyzed to determine the strain history of 
the material as it was deformed. In the plane slab rolling 
example, Dawson [71] showed that the strains increased in 
magnitude as the material approached the roller. 
Slip line field solutions for rolling is another area 
which has occupied the attention of several researchers. 
Alexander [72] was the first to propose a complete slip 
line field solution for the plane strain hot rolling prob­
lem. Following Alexander, alternative and less exacting 
slip line field solutions have been proposed [73,74,75]. 
No slip line field solution has yet been found that is 
fully representative of the cold rolling process. 
A review of literature on the rolling process was 
recently presented by Sparling [76]. His article con-
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centrâtes on the important trends and major advances in 
practice. 
In a recent study, Burger, Oyinlola, and Scott [27] 
used polyester resin to model hot-rolling. They used the 
photomechanics materia] developed by Morris and Riley 
[26] and rolled a number ot billets of different dimensions 
in an attempt to simulate the hot-rolling process. The 
rolled blocks were then sliced in different planes and 
analyzed photoplastically in a polariscope. Using the 
so-called photoplastic technique, they were able to estab­
lish a full three-dimensional fringe order of the blocks 
and showed that the technique can be used to determine the 
whole field strain distribution in the billets. A similar 
study was presented by Burger, El-Hout, and Gomide [77]. 
They presented a three-dimensional strain distribution for 
a particular billet geometry and also observed a phenomena 
called double bulging. This phenomena is very common when 
aluminum is shaped by hot-rolling. Their study did not 
include effects of process variables such as number of 
passes of a billet through the rolls, rolling speed, roll 
diameter, billet geometry, or friction between rolls and 
billet. However, they point out that all these effects 
are now accessible to experimental investigation. 
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III. EXPERIMENTAL TECHNIQUE 
In dealing with an experimental study it becomes very 
important to describe the precise way that the whole experi­
ment was conducted. Any photoplastic technique involves 
the use of a specific material. It is, therefore, impera­
tive to obtain the relevant properties of the particular 
material to be used. This means that every important 
material parameter which can affect the experiment should 
be controlled in order to get comparative results between 
two different tests. The photoplastic analysis should also 
be clearly defined in such a way that the main assumptions 
on which the analysis or interpretation of the results are 
based do not violate any basic laws. 
The next section describes the experimental technique 
used on this study and points out the principal problems 
encountered. 
A. Preparation of the Models 
The photoplastic material developed by Morris and 
Riley [26] and used by several previous researchers [27, 
28,29,31,34], was chosen as a model material for the present 
study. The Laminae^ polyester resin is manufactured in 
^Manufactured by American Cyanamid Co., Plastic 
Division, Wallinqford, Connecticut 06492, USA. 
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rigid (4116) and flexible (4134) forms. The rigid Laminae 
4116 was chosen and 100 grams of this resin was mixed with 
1 ml of Laminae additive #10 plus 0.5 ml of MEKP (methyl 
ethyl ketone peroxide). More details about the components 
and mixture can be found in recent literature [28,31]. 
The mixture was cast into 15 x 9 x 0.5 in. (380 x 230 x 
12.4 mm) and 15 x 9 x 0.8 in. (280 x 230 x 20.4 mm) rec­
tangular molds made with flat glass plates whose inner 
surfaces were coated with silicone rubber. The castings 
were allowed to cure partially at room temperature (25°C) 
for 8 hours. The partially cured sheets were then removed 
from the molds and kept at room temperature for an additional 
24 hours. Final cure was at 176°F (80°C) for 24 hours. 
In order to perform the calibration tests for the 
material, disks of 2.0 in. (50.80 mm) diameter and 0.4 in. 
(10.16 mm) thick and cylinders of 0-4 in. (10.16 mm) height 
and 0.2 8 in. (7.10 mm) diameter were machined from these 
sheets. Experimental models for the study reported in this 
dissertation had two basic geometries: Rings with similar 
geometric ratios of outside diameter ; inside diameter: 
thickness, 6:3:2, and strips with different width-thickness 
ratios were all machined from a single cast of the 100% 
rigid Laminae. Care was taken to avoid residual stresses 
due to the machining as well as to obtain the same surface 
in all models. The actual dimensions of the rings and 
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strips are defined in the later sections. 
B. Calibration Procedures 
Three basic calibrations were performed on the material-
These were used to select the best test temperature, the 
best strain rates (ê), and to determine the strain optical 
constant (f^). To avoid any extra parameter on the final 
conclusion, all tests, including the calibration, were made 
following the same procedure. A test machine, MTS model 
810 with total capacity of 20,000 lbs v;as used to perform 
the calibration tests. The function generator of the MTS 
machine was set on ramp and the proper time to get the 
proper strain rate and amount of deformation was selected 
as well as the holding point time. This holding point time 
was 5 minutes. In other words, the machine platen was 
held at the final deformation for 5 minutes to permit 
viscoelastic flow to occur. The tests specimens were com­
pressed inside a thermally insulated box which was mounted 
on the machine and surrounded the machine grips and ram. 
The test temperature was monitored with two thermo-couples 
adjacent Lo Luti upper and lower platen surfaces. The front 
wall of the box was removable and made from clear plexi­
glass. In this way the specimens could be put into place 
and aligned without difficulty. The system was heated by 
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recirculated hot air from a hair dryer connected through 
a variable transformer. Figure 1 shows schematically the 
system used to test the samples-
The cylindrical models were used to find the best com­
bination of test temperature and strain rate to be used on 
the subsequent tests. During the compression of the cylinders, 
load and stroke were recorded with a model MTS 431 re­
corder. The load-displacement curves for different tempera­
tures and strain rates was obtained for the same coefficient 
of friction (smooth surfacc-RMS 2.5^ in.) between model 
and platens. Figure 2a shows those curves for different 
temperatures and strain rates. From those curves the stress-
strain curves were obtained. Strain was computed based on 
the Lagrangian definition. For further comparison between 
the flow properties of aluminum and Laminae polyester 
resin, Ramberg-Osgood [78] type dimensionless curves were 
constructed. Those dimensionless 7r-terras are o/o^ and 
cE/Oy, where o is the yield-stress of the material, E 
is the Young's modulus (modulus of elasticity), a is the 
true stress, and e is true strain. Figure 2b shows the 
definition of the secant yield-stress proposed by Ramberg-
Osgood with the secant modulus 0.7E. Then, with the data 
present on Figure 2a, dimensionless true stress-true strain 
curves were plotted for the specimens tested at 169°F 
(76°C) and at different strain rates. Figure 2c shows that 
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the Laminae (100% rigid) dimensionless stress-strain curves 
lie within the envelope of the two curves for aluminum 
(1100 aluminum pre-annealed at 425°C) tested at different 
temperatures [31]. Obviously, that is not the only modeling 
requirement necessary to predict a general strain distribu­
tion on the prototype by using photoplastic models. If the 
results obtained on a model material are to be applied to a 
prototype material, the basic similarity put forward by 
Frocht and Thomson [10] must be considered. Those basic 
requirements were analyzed in the studies by Zachary [79] 
and El-Hout [31]. From the results shown on Figure 2c it 
can be seen that the dimensionless stress-strain curve, 
one of the modeling requirements, are not overly sensitive 
to strain rate. This is one important observation on the 
material behavior because of the difficulties to perform a 
test at constant strain rate. Then, it was decided to test 
all subsequent specimens at temperature of 169°F (76°C) 
and at a nominal strain rate of 0.000820 sec. Also, the 
secant yield stress definition as shown in Figure 2b will 
be used all through the present dissertation. 
The strain optical constant (f^) was obtained from 
diametral compression tests of disks 2.0 in. (50.SO mm) 
diameter and 0.4 in. (10.16 mm) thick. To facilitate 
positioning in the machine and to ensure symmetric com­
pression, 0.5 in. (12.70 ram) flats were machined on 
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diametrically opposed edges- The horizontal (e^) and vertical 
(c^,) Lagrangian strains at the center of the disk were ob­
tained by stamping on a reference circle at the center of 
one face of each disk. After compression and removal from 
the machine, changes in the horizontal and vertical diameters 
were measured with a travelling microscope. and could 
thus be computed. The procedure was similar to that described 
in References [28,31] in which Moiré techniques were used to 
confirm that the two strains were uniform over the gage length 
established by the circle and that the principal strain 
directions were vertical and horizontal. The optical proper­
ties of Laminae varied with mixture ratio, but not with size 
of casting, test temperature, strain rate, and strain magni­
tude [28] within the range used in this investigation. To 
check the linearity of f^, four disks were tested for 10%, 
15%, 20%, and 25% nominal deformation. The retained de­
formations were: 6.9%, 11.7%, 15%, and 20.7%. The load dis­
placement curves for these tests were obtained and the 
Ramberg-Osgood dimensionless curves were plotted. It can 
be seen on Appendix A, Figure Al. Although this kind of 
curve is really only applicable to pure uniaxial compression 
or tension tests, the agreement with the aluminum stress-
strain dimensionless curve for the cylinder is reasonable. 
From the simple equation for birefringent material and since 
s = = '=2 
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where and are Lagrangian strain measured in horizontal 
(x) and vertical (y) directions, respectively; N is the 
fringe order for red light (A = 633 nm) and t is the thick­
ness of the specimen. 
Similar tests to obtain f^ value were made using simple 
tension specimens. Two dog-bone tension (see Figure 3a) 
specimens with a length of 5.0 in. (127 mm) between hoxes and 
0.25 X 0.25 in. (6.35 x 6.25 mm) nominal test cross section 
along a gage length of 4.0 in. ('t. 100 mm) were used. The 
specimens were reinforced on the heads by means of aluminum 
fixtures to avoid fracture starting at the pin holes. These 
tests were used also to compute the yield stress of the 
material in tension and the Poisson's ratio. A previous 
calibration of the effective length of the specimens was 
made using an MTS model 632.11B-20 extensometer. Two tests 
were performed at strain rate t = 0.000820 sec. ^ and 
nominal deformations of 12% and 16%. The load-displacement 
curves were recorded and the yield stresses were computed 
based on initial cross section areas. The value was 1900 
psi. To determine the Poisson ratio, the thickness and width 
of both specimens were measured using a traveling micro­
scope in different pre-established positions. Also, dif­
ferent gage lengths on the load direction were defined and 
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measured. After the test, measurements on the same posi­
tions were determined and the lateral as well as the longi­
tudinal (load direction) strain was obtained. The ratio 
between those values gives an average Poisson ratio of 
V = 0.485. These results can be considered adequate for 
photoplastic modeling in the plastic region when compared 
with the constant volume assumption of 0.5 for plastic 
flow in metals. Finally, the strain optical constant 
was obtained using the same equation as above where 
(La-grangian strain) was measured in the direction of the 
load and c ^-vc were computed. Figure 3a presents the X y 
strain optical response for the material for the four disks 
and the two bars tested. It gives a value f = 0.00300 
e 
in./fr. Figure 3b shows the typical fringe configuration on 
the compressed disk and also the distorted circle at the 
middle of the disk. 
C. Axial Compression of Rings 
(Upset Forging) 
As mentioned in the previous sections, a temperature 
of 159°F (75°C) v;as used for all tests. The same test 
system (Figure 1) already described and used to calibrate 
the material was used to perform the tests on the rings. 
The standard ring geometry was outside diameter d^ = 1.2 in. 
(30.48 mm), inside diameter d^ = 0.6 in. (15.24 mm) and 
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thickness h = 0.4 in. (10.16 mm). Studies that included 
changes in ring geometry varied only d^ and h. The parameters 
studied on the rings after the compressions were: the in­
fluence of friction on the final geometry; the flow for 
different amounts of compression; the three-dimensional 
strain distribution; the effect of the ring geometry on the 
flow (strain distribution) and the effect of geometry on the 
relaxation. 
To study the influence of the friction, friction was 
varied by using different surface roughnesses on removable 
steel disks which were placed over the compression platens 
in the test machine. These disks were 4 in. (^^02 mm) 
diameter and 0.5 in. (12.7 mm) thick. Two pairs were 
machined and one surface on each plate was polished to RMS 
2-3 pin. The grit marks caused by the polishing were random 
so that polishing did not introduce any preferred direc­
tional properties into the surface. Any directionality 
causes unsymmetrical flow on the rings during compression. 
One pair of plates in this condition was used as a reference. 
The other pair of plates was made rougher to simulate a 
higher level of friction. To roughen the surfaces uniformly 
in all directions, the plates were put into the test machine 
and pressed together with a sandwich of fine polishing paper 
(emery paper) between them. Using this procedure, it is 
possible to produce different surface roughnesses depending 
28 
on the grade of paper used. Finally, a very low friction 
test was performed by using the reference plates with their 
surfaces lubricated with silicone grease. Thus, three 
different surface conditions of the plates were defined: 
The reference pair pressed between sand paper 180 (rough 
platens), the reference pair (smooth platens), and the 
reference pair lubricated with silicone grease (lubricated 
smooth platens). To be sure of the relative differences 
between these frictions, anxiliar tests were run using the 
method of compressing cylinders. Cylinders with different 
ratio d/h (diameter/height) was machined from the same 
material as the rings and compressed using the three dif­
ferent surfaces at temperature of 160°F (76°C) and a strain 
-1 
rate t = 0.000820 sec. . It is interesting to point out 
that when friction A was used, the model was sticking on the 
platen surfaces during all of the compression, i.e. the 
friction must have been so high that the limit of sliding 
friction between ring and platen was never reached. This 
is generally referred to as "sticking" friction. In the 
other two cases (surfaces B and C) the areas of contact 
between platens and model after the test was larger than 
before the test. This indicated some "sliding" between 
platen and ring. This sliding was not smooth. It could be 
observed during the compression cycle as a "stick-slip" 
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phenomena which caused jerky compression. The yield stress 
was computed based on the initial area and is plotted against 
the different ratios of d/h in Figure 4. Three different 
curves were obtained, labeled A, B, and C, corresponding 
to the three coefficients of friction. These tests were 
used to determine the yield stress of the material due to 
compression when the ratio d/h is extrapolated to zero. 
Another attempt was made to define the coefficient of fric­
tion between the rings and the platens. The relative coeffi­
cient of sliding friction (static values) was determined in 
the traditional way for the three different surfaces. To do 
this a ring model was placed on the steel disk surface. A 
weight was placed on the model. A wire was attached to the 
model parallel to the plane of sliding. It ran over a small 
pulley with negligible friction. A force was applied incre­
mentally to the wire by dropping water from a pipet into a 
small bucket tied to the end of the wire. A dial indi­
cator was placed in contact with the model to observe the 
start of movement between the model and the steel disk. The 
relative friction of each surface was measured at least five 
times, and the average value computed from the equation. 
Force = coefficient of friction x normal load (F = uN). 
It gave values of y = 0.521 for the rough platen,- y = 
0.155 for smooth platen, and y = 0.042 for lubricated smooth 
platen. 
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Using the platen surfaces already defined, the rings 
were compressed axially to nominal amounts of 8%, 12%, 
16%, 20%, and 24%. To do this accurately corrections had 
to be made for the elasticity of the machine. The compen­
sation due to the machine displacement (0.0009 in./lOOO 
lb) was made by hand control during each test. After the 
compression the nominal displacement was maintained 5 minutes 
in all tests. The strain rate was nominally set for t = 
_ 1 0.000820 sec. , but the ever-increasing deformation of the 
frame of the test machine as the load increased and the non­
uniform flow on the rings meant that the pre-set constant 
t was not accurately maintained throughout the tests. Meas­
urements taken during the ring compression test (displace­
ment for a particular time) reveal that the average strain 
rate varied on the range of 0.000820 sec. to 0.000420 
— 1 
sec. before the yielding point. After that it remains al­
most constant. These values, in terms of uniaxial compres­
sion test, give a 15% difference on the yield stress of the 
material (Figure 2a). To differentiate one test from another, 
they were labeled A, B, or C (Figure 4) corresponding to 
the friction surface, followed by a number which corresponded 
to the amount of nominal compression in the machine. In 
order to obtain comparative results between the tests con­
ducted at the same friction, caution was taken to obtain 
the same load-displacement curves when different rings, but 
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the same geometry, were compressed different amounts. This 
was an effective way to check the repeatability of the tests, 
that is, changes in the load-displacement curves meant that 
the pre-set conditions of temperature and friction were not 
achieved. As reported earlier, the material properties are 
very sensitive to temperature conditions (Figure 3a) and 
to the friction between the model and the platen surfaces 
(Figure 4) . 
It is known that, the pre-set strain rate was not main­
tained during the ring compression- But for the ring tests 
in which the same load-displacement was obtained, the strain 
rate can be assumed to be the same. On the other hand, 
using the recorded load-displacement curves for the rings, 
the Ramberg-Osgood dimensionless true stress-true strain 
curves were plotted for the rings A-8%, A-16%, and B-24% 
and compared with the uniaxial test for the aluminum on 
Appendix A, Figure A2. It is important to point out that 
the load-displacement curves for the rings are different 
when friction A or B are used. Although the Ramberg-Osgood 
analysis is only applicable to uniaxial tests, the agreement 
with the aluminum is reasonably well. The strain rate 
appears to not affect those dimensionless ir-terms. 
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D. The Rolling of Strips 
The experimental tests of the strips were performed on 
an electric powered rolling mill which was completely en­
closed by an insulated hot-air chamber that maintained a 
constant temperature, pre-set for the test. The air was 
heated by a hair dryer and continually circulated by means 
of a small blower. The electric powered roll drive system 
used a two-way, two-speed motor connected through a variable 
transformer and linked to a speed reducer gear box which 
transmits the power to a large gear by a link chain. The 
large gear engaged the drive gears on the rolls. Using this 
system, different roll speeds from 0.5 to 1.5 in./min. could 
be used- A transparent and removable window made from clear 
plexiglass was placed on the insulated box in front of the 
rolls to better align and observe the models during a test. 
The system was left to heat for 3 hours at a temperature 
of ^169°F ('v76°C). The test temperature was monitored with 
two thermo-couples adjacent to the upper and lower rolls. 
The models were preheated in a separate oven for one hour 
and then moved to the test system where they were kept for 
an additional 20 minutes to stabilize the temperature of the 
whole system before the test was run. 
In order to get the proper roughness of the roll surfaces, 
a similar technique was used as before. The roll surfaces 
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were polished to RMS 2-3 y in., pressed and rolled together 
with a sandwich of sand paper (grade 180)- Using this way 
it was reasonable to assume that the same friction as de­
fined before for "sticking friction" was obtained. 
Six different strip geometries were tested. They had 
the following dimensions; W (width) x H (thickness): 
0.4 X 0.4 in. (10.16 x 10.16 mm), 0.4 x 0.6 in. (10.16 x 
15.24 mm), 0.4 x 0.735 in. (10.16 x 18.67 mm), 0.6 x 0.6 
in. (15.24 x 15.24 mm), 0.6 x 0.735 in. (15.24 x 18.67 mm), 
and 0.8 x 0.735 in. (20.32 x 18.67 mm). The diameters of 
the two rolls were the same for all tests, d = 2.75 in. 
(^JO mm) . 
The basic parameters studied were the influence of the 
roll diameter d (W/H = const.) and strip geometry W and H 
(d/W = const., d/H = const.) on the shape of the transverse 
edge of the strip after foiling, i.e. the influence on the 
"double bulge" formation, as well as the three-dimensional 
strain distribution of each specimen. In all these tests 
the strip made a single pass through the rolls. Finally, 
another strip with a particular geometry, W = 0.8 in. 
(20.32 mm) and H = 0.4 in. (10.16 mm) was rolled in such a 
way that it did not pass completely through the rolls. 
After it was rolled 2/3 of its total length, the rotation 
of the rolls were reversed such that the final strip was 
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only partially deformed. This specimen was used to esti­
mate the nature of the three-dimensional strain distributions 
that occur between the rolls. All the specimens had a length 
of 4 in. (101.60 mm). This was long enough to obtain a 
reasonable uniform deformation without end effects and 
short enough to minimize the total time spent in the rolls, 
i.e. to minimize the relaxation effects. As will be shown 
later (p. 53), relaxation is time and temperature dependent. 
The rolled specimens were taken from the heated environ­
ment as soon after rolling as possible so that as much as 
possible of the deformation will remain fixed in the model. 
To facilitate entrance into the rolls during rolling, one 
end of the strips was tapered down 1/6 of the total length. 
The nominal deformation was set to be 20% for all the strips 
and the final fixed deformation after removal from the test 
system and cooled to room temperature was 8% to 9%. The roll 
velocity was adjusted to be 1 in./min., which corresponds 
to a simulative strain rate between 0.0]. sec. and 0.007 
-1 
sec. , taking in account the amount of deformation (20% 
nominal), the roll diameters, and the thickness of the 
strips. The strain rate was computed by determining the 
total time that a particular point on the strip would have 
stayed between the rolls if there was no back slipping. 
IV. EXPERIMENTAL RESULTS 
A. Upset Forged Rings 
A series of ring compression tests was run using the 
ring geometry and conditions previously described. As re­
ported before [35] , the ring compression test is a particu­
larly sensitive means of studying friction. The coefficient 
of friction is related to changes in the internal diameter 
of the ring when compressed. If there is no friction, the 
ring would deform like a solid disk with each element flow­
ing radially outward at a rate proportional to its distance 
from the center. With a small but finite value of friction, 
outward flow takes place at a lower rate and, for the same 
degree of compression, the outside diameter is smaller than 
for zero friction. If the friction exceeds a critical 
value, it is energetically favorable for only part of the 
ring to flow outwards. This dividing line between flow out­
ward and flow inward is the so-called neutral radius. 
Friction A (sticking friction) and friction E (smooth 
unlubricated platens) were used for amounts of nominal de­
formation from 8% to 24%. Friction C (lubricated platen) was 
not used because, for this low friction, only outward flow 
took place. The "neutral radius" will then be smaller than 
the initial internal radius. The flow pattern is generally 
more uniform than for the higher frictions, but the extent to 
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which compression could be controlled was insufficient to 
assure complete axisymmetry. Thus, the quality of the photo-
plastic results was much lower than in the other cases. 
They are, therefore, not presented here. The nomenclature 
used for the ring after and before compression is given in 
Figure 5a. The retained decrease in internal diameter Ad|, 
which is the parameter primarily used in presenting experi­
mental results, depends both on friction and on the amount 
of deformation Ah* in the specimen. Table 1 (p.138) gives 
the final dimension of the rings after compression and re­
moval from the machine. The other results shown in Table 1 
will be discussed later (Sections 1, 3 and 4). The per­
centage retained change in internal diameter is plotted 
against the percentage retained axial deformation as dotted 
lines on Figure 6. Also shown on Figure 5 are the curves 
that were obtained analytically for different friction 
factors. The theory used considered bulging [46,47] and 
assumes a von Mises yield behavior (maximum distortion 
energy yield criterion). The curves for the Laminae resin 
obtained when relaxation is allowed do not match any of the 
theoretical curves. It is important to point out that 
recent results [22,29] have shown that a modified von Mises 
yield criterion may represent the yield behavior of the 
polyester material. Data obtained from uniaxial tension and 
compression specimens for the material used in this investi-
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gation give a ratio Y^/Yij = 2.1, where is the compressive 
yield strength for the disk of Figure 4, friction C, and y^ 
is the tensile yield strength in uniaxial dog-bone speci­
mens (Figure 3) at temperature of 169°F (76°C) and strain 
rate 0.000820 sec. ^. Both y^ and y^ refer to engineering 
stress and not true stress. 
In the next part of this chapter the photoplastic 
analysis to be used on the axially compressed rings is 
presented. The evaluation of the results when small defor­
mation (high order terms neglected) are first assumed. The 
results when finite deformation (high order terms included) 
are considered is presented next and finally, the influence 
of relaxation on the strain distribution is given. 
1. Photoplastic analysis 
To perform the photoplastic analysis on the rings, 
radial and circumferential slices were taken from each of 
the rings as shown in Figure 5a. In order to determine 
how the strain distribution and the position of the neutral 
radius varies through the thickness of the compressed rings, 
seven additional circumferential slices were taken from the 
model as shown in Figure 5b. With the coordinates shown in 
Figure 5, the difference between the algebraically larger 
and smaller in-plane strains at any point in the radial and 
circumferential slices are related to the respective fringe 
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pattern by the following expressions: 
'9 
"l"^2 = l-rl - !^ei = > Eg) (2) 
Z  
where 
Ng, = the fringe order at the point of interest on 
the radial and circumferential slice, 
respectively. The slices are viewed in 0 and 
z directions. 
•tg, z= thickness of the radial and circumferential 
slices, respectively. 
f^ = material strain optical constant. 
Since it is reasonable to assume that is everywhere 
negative and is everywhere positive with EQ positive out­
side the neutral radius, zero at the neutral radius and 
negative inside the neutral radius, the ordering of the 
strains in Equations (1) and (2) is also reasonable. This 
matter is discussed further on page 42. 
The Tardy compensation technique [80,81] was used to 
determine the exact fringe order, N, at the selected 
arid points in both radial and circumferential slices. A 
conventional type parallel field polariscope was projected 
onto a screen with a magnification of 17.6 times. In this 
way fringe orders of each slice were obtained along selected 
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lines at intervals of 0.03 in. (^^0.76 nun). The fringe order 
in the radial slice was measured at the same z positions as 
the circumferential slices. Table Bl in Appendix B gives 
those values. 
In order to evaluate the strain distribution, a third 
equation is necessary. Such an equation involving all 
three strain components was obtained by assuming that the 
deformation would be at constant volume. Using the Lagrangian 
strain definition [82,83] 
£ = 
^i 
where and are the final and initial length, respective­
ly, and considering a small rectangular element in a deformed 
body which has its edges oriented along the principal axes, 
the change in volume of such an element divided by initial 
volume is, by definition, the volume dilatation AV/V. It 
can be written as 
A V  _  ( 1 + ^ 2 ^  
V  
where V is the initial volume equal to the product of the 
three sides of the element, a^, a^, and a^. The above equa­
tion can be rewritten as 
AV 
C1+E2+C3+E1E2+G2&3+C3E1+E1E2E3 = = 0 (3) 
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'jctempt was made to measure the ratio AV/V (volume 
dilatation). The experiment was carried out by using a pre­
cise balance (precision of 0.001 grams) to measure the 
weight of distilled water equal to the volume of the model, 
before and after compression. The weight of the water 
equivalent to the volume of the model to be tested was ob­
tained by setting a small beaker with distilled water in 
precise equilibrium on the balance. The model was then 
carefully immersed into the water held by a thin wire, and 
the weight was read. The same wire was used and the same 
length of wire was immersed between two measurements. The 
value proportional to the initial volume as well as the final 
volume was measured at least three times. Average values 
r -considered for three disks (see Figure 4) compressed 
different amounts uclrg friction A, and the results were 
AV/V = +0.0058, +0.0048, and +0.0049. This gives a change 
in volume of about +0.5%. Since Equation (3) is strictly 
valid only for fully plastic deformation increments, it will 
not apply throughout the whole volume of the models. In 
particular, it will not be true near the interfaces between 
the platens and the rings. In this area the friction causes 
constraints against deformation, especially when rough 
surfaces are used. There is, then, a finite thickness of 
material near the interfaces that is not fully plastic. It 
is, at best, under a much smaller total strain than the 
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central portion. In the area away from the interfaces, how­
ever, Equation (3) will be a good approximation. For the 
total deformation used, it is reasonable to assume that 
Equation (3) applies everywhere in the ring, except in a very 
small volume near the friction faces. Platen A (sticking 
friction) were used for this test because they would result 
in the largest "nonplastic" zone, i.e., they would yield the 
largest volume change. 
The flow of the material in the ring compression test 
is very sensitive to the test temperature and to the friction 
conditions. In order to get symmetrical deformation in the 
z-direction with respect to the midplane (z = 0), these two 
parameters should be the same on the two platens. When this 
is achieved, the isochromatic fringe patterns for slices 
taken from the rings after compression has a symmetrical 
distribution. Figure 7 includes photographs of a complete 
ring before slicing (full thickness h*) and of a radial and 
a circumferential slice. From the condition of axisymmetry 
in the 0-direction, it follows that E. = Eg is a principal 
strain. It was assumed that e = s, and e = are also 
r 1 z 3 
principal strains. Figure 7c shows that this is so on the 
plane z = 0 (mid-plane). The maximum value of the iso-
clinic in the radial slices was about 15° (Figure 7d) over 
a narrow area, far from the middle plane (plane of symmetry) 
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of the ring. To evaluate the strain distribution using the 
fringe values given on Table B1 (Appendix B) it is convenient 
to consider four possible solutions given by Equations (1), 
(2), and (3). To make the analysis more simple the second 
and third order terms given in Equation (3) are neglected 
here. Equations (1) to (3) can then be analyzed by con­
sidering the following assumptions: 
(i) If > Eg = (Ng + N^)K/3 
then £„ = (N_ - 2N )K/3 
'J 0 z 
Cr > Ce "z = (Hz - 2^6)373 
(ii) If < £^ £^ = -(Ng + N^)K/3 
then Eg = (ZNg - N )K/3 
"r < =8 Cz = (2^8 - Nz)K/3 
(iii) If £^ > Eg £^ = (Ng - N^)K/3 
then E g  = (Ng + 2N )K/3 
Cr < =8 Cz = -(ZMe + Hz)K/3 
(iv) If E ^  <  E g  E ^  = (N^ - Ng)K/3 
then Eg = -(2N^ + N )K/3 
s 'S s = ("z + 2N )K/3 
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where 
and 
f 
K = -^ 
f^ = strain fringe value 
t = thickness of the slice 
Considering the kind of test (compressed rings), it is 
reasonable to assume that < 0 everywhere. The fringe 
orders reveal that Ng > (see Table Bl on Appendix B) 
at all the positions measured through the ring. For solution 
ii and iv this would mean that z  > 0 ,  w h i c h  i s  n o t  p o s s i b l e .  
z 
Thus, only solutions i and iii can apply. For both of these 
cases the solution gives > 0, which is reasonable. 
Two possibilities exist for 
a) Cg < 0 for r < r^: This is not possible for case 
iii. Case i requires that 
b) > 0 for r > r where r = the neutral radius: 8 n n ^ . . ,, . Case X requires that 
Ne > 2«z-' 
Thus, if Ng > 2N^, Eg will be positive; and if Ng < 2N^, 
will be negative. When e < 0, the radius at which e. is do o 
measured will have decreased, i.e., moved inward and only 
solutions based on case i are possible. If r^ is defined 
as the neutral radius, i.e., the radius where Cg =0, then 
only Case i applies in the region r < r . When > 0, the 
n V 
radius will have increased, i.e. moved outward and either 
44 
solution i or solution iii could be used. To choose between 
the two it was necessary to compare the actual overall dis­
placement of the outer and inner radius of the midplane of 
r 
the ring with the integrated values of u = j e^dr as com­
puted from the strain as separated according to Case i 
or Case iii. This expression also neglected 2nd order 
terms, i.e. it assumed small strains. Those values were 
compared with the measured displacement taken on the middle 
plane of the radial slice, i.e. Ab = b* - b. Table 1 com­
pares these results. Clearly, the agreement is much better 
for Case i. The solution based on Case i > £Q > e^) was 
used in all subsequent analyses of the upset forged rings. 
2. Results assuming small deformations (e^ + = 0) 
Results of the photoplastic data were used to evaluate 
the strain distribution under the assumption of small de­
formations. This assumption leads to the classical theory 
of infinitesimal strain with a consequent linearization of 
the basic equations. Then, if the higher order terms in 
Equation (3) are neglected, the set of three linear Equa­
tions (1), (2) and the remainder of Equation (3) can be 
solved to obtain the strains. 
The photoplastic fringe pattern (Table Bl, Appendix 
B) was used to study the influence of the friction on the 
flow when the rings were compressed different nominal 
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amounts (8% to 24%). To do this, the position of the neutral 
radius was determined at the level of each circumferential 
slice through the thickness of the rings using the equation 
for Eg or 
^ 
sfnce^the position of the neutral radius is given oy Eg = 0, 
the value of r^ can be found by the intersection of the curves 
NQ and 2N^. When the friction labeled A (Figure 4) was used, 
no increase in the contact area was observed for all four 
rings tested (8%, 12%, 16%, and 20% compression, 5% to 14.5% 
retained deformation). As reported earlier (p. 28), the 
friction was so high that the Laminae rings were at all times 
sticking to the surfaces of thf^ platens. The solid lines 
in Figure 8 show the position of the neutral radius (EQ = 0) 
for these rings. It also shows the position of the average 
* 
radius r = (r*-rf)/2 on the middle plane of the ring. 
From this it can be seen that the maximum position of each 
neutral radius is the same within 0.008 in. (0.2 mm). This 
is a condition for equal friction (constant friction during 
compression) since all other parameters are constant, 
except the amount of compression. When smooth platens 
with friction labeled B (Figure 4)were used, there was rela­
tive sliding between the rings and the platens. The areas 
of contact between the rings and the platens increased by 
1.1%, 2.5%, 5.6%, and 8.4%, respectively, for the nominal 
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compressions of 8%, 12%, 16%, and 24%. The positions of 
neutral radius for this case are shown on Figure 9 by the 
continuous lines. From those results it can be noted that 
the neutral radius tends to increase as the amount of de­
formation increases. This suggests an increase in friction 
as the amount of deformation increases. 
TiTe rail tield strain distribution was obtained for one 
of the models. Model A-16% was chosen because of its per­
fectly symmetrical comnz-^ r:- i.;..-- v, 1S—ôticrwS CTr5~'âtxa±n 
^ a» 
distribution £_ (represented by the cont.'-.nuous lines) and 
X (represented by the dashed lines). s is, oj." , néga­
tive so that the line for c is actually -e . The number 
z z 
that is shown in each frame indicates the position of the 
circumferential slice used to evaluate the strains in that 
frame (Figure 5b), One interesting facet on Figure 10 which 
warrants attention is that there is only one cross-over point 
on each of those graphs. This point is defined by a position 
where If the simplified Equation (3) (without higher 
order terms) is written in the form, £g = -(c^ + the 
above condition leads to Eg = 0. This defines the position 
of the neutral radius, r^, for different values of z. These 
are the values plotted as a solid line in Figure 8, A-16%. 
Also, the difference between and £_ gives the E. values 
for any position r. For values of r < r^, E_ will be nega­
tive and for r > r^, E will be positive. In order to esti­
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mate the precision of the results presented on Figure 10, 
based on the small strain assumption, the function of 
were integrated for different positions z. The results are 
compared with the total measured edge displacements, Ab*, 
in Figure 11a. The radial strain £ was integrated to yield 
u = e^dr. 
As indicated on page 35, the position of the neutral 
radiuÈT^-isa dividing line between flow inward and flow out-
= 01-, f ni-L •; i-i-htarr-ra 1 r\f F on the r-direction, 
£ dr and unï--i4Ttegral from r from r. to r or u. = 
e dr was obtained. Axso. the inside and 
outside edge displacement Wa.3 xie-su-red. These results are 
plotted on Figure lib. Although reasonable agysement (+8% 
difference w.r.t. measured value on midplane) was achieved -
between the total displacement values obtained when is 
integrated and the total measured edge displacements (Figure 
11a), a considerable discrepancy was obtained between the 
experimental displacement values corresponding to flow in­
ward and/or outward and the respective measured edges dis­
placements (Figure lib). 
The discrepancy in Figure lib could derive from one or 
all of two sources. 
1. The assumption of small displacements is incorrect. 
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This is clearly so since Ah*/h of 5-20% is not small. The 
next section addresses the corrections when finite dis­
placements are considered. 
2 .  The nonsymmetric geometry w.r.t. the neutral radius 
means that the relaxations that occur immediately after 
compression while the models cool down to "freeze" the 
strains redistributed the strain field. 
3. Results assuminy finite deformation 
When finite deformations are used to evaluate the 
resbs^s^on the upset rings, the second order strain terms 
in Eauation (3) are ignored. The third order 
strain t-m,  r • <rr-rr.n^ z.-^ c^g-'^ iaximum value in 
the first frame of Figure 10 of £^£^£g - ^ -
.0012. I T_ can be neglected without introducing any sub­
stantial error in the overall strain distributions. The set 
of equations to be solved now includes Equations (1) and (2) 
on page 38 and Equation (3) on page 39 takes the form 
-1 + C; + e, + + 8^ 
+ '^=0 + ° ° 
Again, the fringe patterns given in (Table Bl, Appendix B) 
was used to determine the influence of the friction on the 
flow, for different amounts of compression. The values Eg 
were obtained and plotted against the radial position. 
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For £0=0 (Figure 12), the value of r^ (neutral radius 
position) was determined for each slice. The dotted lines 
in Figure 8 show the position of the neutral radius through 
the thickness for friction A. The position of the neutral 
radius is almost constant when the rings are compressed dif­
ferent amounts with sticking friction. The dashed lines in 
Figure 9 present the neutral radius positions when friction 
B was used. Once more, the neutral radius appears to in­
crease when the amount of deformation imposed on the rings 
increases. In both cases (friction A and B) the results ob­
tained based on the small deformation assumption overesti­
mates the outward movement of the neutral radius in the 
central portion of the rings, i.e. it overestimates the 
amount of inward flow that occurs during upsetting operations. 
On the models A-12% and B-16% good symmetry was not 
achieved, probably due to differences in temperature between 
rhe -tw<.>__platens which would have caused increases in the 
flow stressesstrength) in the vicinity of the colder 
plate. 
inte'resting observation on figures 8 and 9 is 
the curvature of the neutral radiup ±nis trend 
be affected by the friction (high friction, more curvafnrei 
or by the amount of deformation (high Jetormation, more 
curvature). This suggests that the strain field is less 
uniform for larger deformations and for higher frictions. 
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A full strain distribution was again obtained for the 
model A-16%, this time based on a finite deformation assump­
tion. Figure 12 shows the strain distributions and Eg 
for different positions of z. There is, in each frame, only 
one position r where Eg = 0. This position defines the so-
called neutral radius r^. The strain distributions "were 
obtained for each slice of this particular ring, for dif­
ferent positions of r. They are shown in Figure 13a. 
In order to check the precision of the determined strain 
distribution, the measured deformations were again compared 
with the strain values integrated over the size of the model. 
A similar procedure was followed as before, but this time 
the Lagrangian components of strain under the conditions of 
finite deformation were used to obtain the displacements. 
Then, for the above conditions, the strain components [83] 
can be written as: 
^ij " *i,k *k,i *i,i*i,k 
If the effect of the distortion terms is neglected, the 
above equation for and u = displacement in the r-
direction written in an unabridged notation become: 
~ =1 " "r 
Solving this equation the u-displacement leads to 
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u = [-1+(1 + 2£^ )^ /^ ]dr = fe^ dr (4) 
1/2 
where is defined as =-1 + (1 + 2e^) ' . In analogous 
manner, it follows 
w = [-1+(1+ 2£^)l/2]dz = e^dz (5) 
Using Equation (4) and the results for shown on 
Figure 12, the total edge displacements were determined and 
compared with the total edge measurements. Results are shown 
on Figure 14a. Also, Equation (4) was used to obtain the 
displacement corresponding to the flow inward, i.e. = 
e'dr, and the displacement corresponding to the flow 
^n 
r? * r 
outward, i.e. u^ = e'dr. Those values are compared with 
^n 
the respective inside and outside edges displacement on the 
Figure 14b. An disagreement of less than 8% was achieved. 
A similar attempt was made to compare the measured edge 
displacements in the axial direction {z-direction) with the 
displacement when Equation (5) is integrated for the 
function given on Figure 13a to yield w = 
gives the numerical values after the integration for the 
different position of r. Figure 13b shows the edge displace­
ments (retained) in the axial direction obtained from the w 
displacements. It also gives the value of the measured edge 
E^dz. Figure 13a 
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displ<u'"ement (Ah*) and the minimum' value for w at r = 0.428 
in. The two values agree within 5%. 
In order to determine the effect of the geometry (thick; 
ness) on the flow pattern of axially compressed rings, two 
additional rings were tested using fr-^tAon A. The rings 
were machined from the same cast plates andthe saiuc 
diameters (internal and external) as the rings previousj.y 
tested but with different thickness, i.e., h = 0.3 in. 
(7.62 mm) and h = 0.5 in. (12.70 mm). The rings were com­
pressed 16% (nominal deformation) following the same condi­
tions already described. Radial and circumferential slices 
were taken and the same finite strain photoplastic analysis 
described above was used. Table 1 gives the final geometry 
of the two rings and Table B2 and B3 (Appendix B) gives the 
details of the fringe patterns in the rings. The strain 
distribution was evaluated for finite deformation and the 
position of the neutral radius was determined at Eg = 0. 
Figure 15 shows the position of the neutral radius through 
the thickness of the two rings. It can be observed that, al 
though the friction surfaces were the same, the curvature 
of the neutral radius is more accentuated on the ring of 
small thickness. Also, the maximum position of the neutral 
radius is greater for the ring of h = 0.3 in. than for the 
h = 0.5 in. thickness. The model A-16%, h = 0.3 (Figure 
15b) had the largest value for r^ for all the models that 
X 
were tested and analyzed according to tn»:^ ast-'imption of 
finite deformations. 
4. Relaxation effects 
The relaxation that occurs after the desired deforma­
tions have been imposed on the models has been one of the 
major problems [30,31] in photoplasric studies that use 
Lamin?c polyester resin as a model material. When the 
materials are compresse-."? or rolled, a substantia] amount 
of the nominal deformation relaxes '.springs b-^ck) out of 
Lhe model when d'^foriiio.tion loads are removed. This 
leaves the models with low^isoc^romatic fringe values which 
are hard to interpret. The use of the-100% rigid Laminae 
resin [31,33,34] solved partially the viscoelast^c problems, v 
In spite of these previous research efforts,- the^relaxation 
effects on the strain distribution has not been established. 
The objectives of this section are to analyze the parameters 
that affect the relaxation such as time and temperature, how 
relaxation can be avoided and the influence of the relaxa­
tion on the flow and strain distribution. 
To check the influence of the temperature and time on 
the relaxation of the model material, two rings with the 
same geometry (d^:d^:h = 6:3:2) were tested. Both tests 
were conducted at 169°F (76°C) and a strain rate of 
-1 0.000820 sec. . The first test was run and after the 
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compression reached the nominal deformation, the force 
cylinders of the MTS machine was held for 5 minutes. The 
load was then released at the test temperature (76°C) and 
measurement of the instantaneous displacement was obtained 
at interval of time as the relaxation progressed. Figure 
16a shows the results. The second test was run in such a 
way that after reaching the nominal deformation, the dis­
placement was held while the test system was cooled down to 
('^'35°C) over a period of about 90 mins. At that tempera­
ture the load was released and the instantaneous displace­
ments were measured at intervals of time. Figure 16b shows 
the results. The nominal displacement from the last test 
was completely retained. No noticeable relaxation took 
place, i.e. all the deformation imposed on the ring was 
frozen in the model. 
Based on this experiment another set of four rings 
(d^:d^:h = 6:3:2) using friction A and different amounts of 
compression was tested. The tests were conducted in such a 
way that relaxation was not allowed, i.e. after reaching 
the nominal amount of compression the test system was cooled 
down to room temperature. The last four lines of Table 1 
list the final geometries of the rings tested. The per­
centage decrease in internal diameter was plotted against 
the amount of deformation on Figure 6. This time the 
\ qc t 
experimental curve has the same general shape as the theo­
retically developed ones. 
The fact that relaxation is time and temperature de­
pendent does not answer the basic question concerning its 
effects on the frozen birefringence. In some pat -, icular 
tests (e.g. statical tests) relaxation can be avoided \ 
by controlling time and temperature as described above 
When modeling forming processes, such as rolling, such con­
trol is not possible because they involve dynamic operations 
In order to figure out the influence of the relaxation, one 
of the rings, A-11% (without relaxation) was sliced and the 
strain distribution evaluated. The results from this ring 
was compared with those from ring A-16% (finite deformation) 
Both had the same fixed deformation of 11%. Table B4 
(Appendix B) gives the tr^nge pattern for the model A-11%. 
Using those values the strain distributions were evaluated 
using the approach of finite deformation. Figure 17 shows 
the strain distribution e and e. on r-direction and for dif 
r 8 
ferent positions z. It should be compared to Figure 12. 
The positions where = 0 (neutral radius position) were 
used to determine the position of the neutral radius through 
the thickness of the ring. Those values are plotted on 
Figure 18a together with the neutral radius positions for 
the ring A-16%. The photographs of the radial slices of 
the rings A-16% and A-11% are shown respectively on Figure 
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18b and 18c. 
The same treatment appliea on ring A-16% was used on 
the ring A-11%. Equation (4) and tir3 results for pre­
sented or Figure 17 was used to determine the total dis­
placements. Figure 19a compares those rasd-ts with the 
total measured edge displacements. Also, Equation (4) was 
used to determine the displacement corresponding to flow in­
ward and outward. Those values are compared with the 
respective inside and outside measured edge displacements 
on Figure 19b. Those figures show that a perfectly sym­
metrical compression was not achieved. This trend can also 
be observed on the radial slice by the configuration of the 
fringes for the ring A-11%, shown on Figure 18c. The 
largest difference between computed and measured values for 
is 9.6%. 
B, Strip Rolled 
\ Ivi an attempt, to fine a first level model for the hot 
rolrS^ of-aluminum billets, the strain distribution was es-
tablishedvin replied strips Aft>r rolling, transverse and 
longitudinal s^ces were take:- from ':he strips in such a way 
that the phc top las-tic fringes co':ld be studied at the inter­
sections between two j^.grpendicular planes. Each of these 
/ 
planes was parallel to tVe ax|s of an orthogonal coordiziite 
system, as shown on Fiiure ^0a. \3ased on the theoï7 cf 
" 
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photoplast j.city and with the coordinate system set on Figure 
20b, the algebraic difference between the larger and smaller 
in-plane strains at any point on the slices (planes) are 
related to the respective fringe patterns by the following 
.expressions : 
y 
= -r- ' s 
X 
where 
N , N = the fringe order at the point of interest 
^ ^ on the transverse and longitudinal slices, 
respectively. The slices are viewed in x 
and y direction. 
t , t = thickness of the transverse and longitudinal 
slices, respectively. Thickness is measured 
in the x or y direction, respectively. 
f^ = material strain optical constant. 
In this kind of forming process the major deformations 
are a large extension in the longitudinal (x) direction 
which is caused by a large compression in the vertical 
(z) direction. For large ratios of W/H (>20) it is common 
to assume plane strain, i.e. no deformation in the trans­
verse (y) direction. For smaller ratios of W/H, especially 
for ratios <6, there is noticeable side flow which causes 
bulging of the sides. The bulging may be barrel shaped or 
it may be a "double bulge." It is, therefore, reasonable 
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to assume that e > e >0 and e <0 everywhere in the X y z 
rolled strip. 
The same conventional parallel field polariscope used 
to analyze the rings was used to determine the fringe orders. 
Tardy compensation technique was used and the fringes of 
each slice were obtained along selected lines in intervals 
of 0.04 in. (1 mm). Since the slices were very thin the 
fringe orders were low. Under these conditions white liglr.t 
correctly used provides better resolution. A white light 
source was used and correction of the fringe values was 
made to be compatible with the material strain optical 
constant calibrated for red light (X = 633 nm). To do this 
the tint of passage was considered to have a retardation of 
577 nm for the first fringe order [80] . The tint of passage 
is a sharp dividing zone between red and blue in the first-
order fringe, red and green in the second-order fringe (1150 
nm), and pink and green in the third (1730 nm) and fourth-
order fringe (2300 nm of retardation). The slices have 
fringe order less than two and the different color band 
was used to establish fractional fringe orders. 
To evaluate the strain distribution, the third equation 
involving the three strain components was obtained following 
the same considerations made in the analysis of the rings. 
Then, under the assumption of constant volume, it follows 
that: 
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£l + £2 ^3 ~ ^  (8) 
It is important to point out that the second and third order 
strain terms, which appear on Equation (3), were here neg­
lected. The reason for that is the relative small deforma­
tion fixed on the rolled strips. The maximum error intro­
duced when those terms are neglected was computed for each 
of the strain components using the greatest values of the 
fringe orders for a particular model and point. The solution 
using Equation (3) gives = 0.0545, = 0.0581, = 
-0.1203. When Equation (8) is used, the strains are = 
0.0571, e = 0.0603, e = -0.1174. The maximum errors 
y z 
introduced are 4.8%, 3.8% and 2.4%, respectively, for 
e , and c . y z 
Six strips (with geometries already defined on p. 33) 
were used to analyze the double buldge formation, and 
the associated three dimensional strain distributions. One 
additional strip was rolled only halfway forward and then 
back in an attempt to obtain information on the strain 
field between the rolls. The friction was simulated to 
"A", i.e., the unlubricated rough surface that provides 
"sticking friction" in the axialiy compressed rings. The 
method for obtaining this roughness was described cn p. 32. 
After rolling the strips the surface width (W) in contact 
with the rolls was measured and no increase was observed. 
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This confirms that the condition of sticking friction was 
achieved. 
1. Analysis of the double bulge 
The schematic representation below shows the geometry 
of the strips and the parameters taken in account in 
analyzing the influence of the geometry on the formation of 
a double bulge. The notation is defined on Figure 20. Both 
rolls had the same diameter d = 2.75 in. and this was constant 
for all the tests. 
W 
— = Constant 
W = 0.6 in. 
H = 0.6 in. 
W = 0.4 in. 
H = 0.4 in. 
W = 0.4 in. d ^ constant 
H = 0.6 in. 
W = 0.8 in. 
H = 0.735 in. 
W= 0.6 in. W = 0.4 in. 
H = 0.735 in. H = 0.735 in. 
— = Constant 
n 
The ratio d/W = Constant was used to study the influence of 
the thickness (H). W/H = Constant provided information on 
the influence of the roll diameter. d/K = Constant showed 
the influence on the thickness on the strain fields. As 
stated before (p. 34), all the strips were deformed the 
same amount, 20%. After passing through the rolls, however, 
the models start to relax. To avoid any influencé that 
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variations in the amount of the retained deformation may 
have on the analysis, all transverse slices were taken at 
positions in each strip (x-position) where the retained de­
formation was 8.5%. These positions were such that the 
slices were not affected by the ends of the strips. Figure 
21a, b, and c show the isochromatic parameters on the trans­
verse slices. From the isoclinic parameters on the trans­
verse slices showed on Figure 21d, it can be seen that only 
a narrow area has isoclinic different from zero. On the 
area where measurements were taken, the isoclinic never 
exceeded 15°. The isoclinic on the longitudinal slices is 
not shown here but it has a 0° value. The left hand portion 
of Figure 32b is, in fact, a photograph of the 0° isoclinic 
when the strip was not passed completely through the roll. 
The whole field is black. It was, therefore, assumed that 
= e, , £ = £o and e = e, over the region studied. Then 
X 1 y 2 2 3 ^ 
Equations (6), (7) and (8) (p. 57) can be solved to obtain 
the strain distributions. 
Considering the symmetry of the models with respect 
to the y and z axis, and taking account of the good symmetry 
of fringe distributions aa shown in Figure 21, only 1/4 of 
the transverse slices were analyzed. The complete strain 
fields were obtained and the results are shown on Figures 
22 to 27. Each of these figures present: (a) the position 
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of the points where the strains were determined represented 
by the interceptions of the lines A (x-direction) and B 
(z-direction); (b) e strain distributions along lines A; 
(c) strain distributions along lines B. For one of the 
strips the c was plotted on the plane normal to the roll-
direction as shown on Figure 24d. The values of for the 
other geometries are presented on Tables 2 to 7. Finally, 
a comparison is made between the retained reduction (Ah* in 
the z-direction) as measured and the values obtained when e 
z 
is integrated to yield w = e^dz (assuming small deforma­
tions) . Since w is the area of the curves in Figures 22c 
to 27c, the average value for w = w is the average of the 
areas shown. Their values are indicated at the bottom of 
Figure 22c. 
In order to determine the influence of the strip geometry 
and roll diameter on the shape of the lateral edges of the 
strips, the functions of shown on Figure 22b to Figure 27b 
were integrated to obtain the displacement v = je^dy (small 
deformations). For W/d = constant the results are plotted 
in Figure 28. The double bulge is clearly seen on two models 
and it has a tendency to increase as the thickness of the 
strip increases. For W/H - constant the results are pre­
sented on Figure 29. No double bulge was observed, and the 
diameter of the roll appears to not affect its formation. 
On the other hand, for the ratio d/H = constant the double 
bulge decrease as the width of the strip increase as can be 
seen on Figure 30. From the results presented, the double 
bulge is clearly seen to be a function of the strip geometry 
and not the roll diameter. 
2. Strain distribution as the strip drives through the 
rolls 
The main objective of this test was to evaluate the 
strain distribution in the direction of rolling when the 
strip drives through the rolls. In other words, the results 
that will be presented simulate the instantaneous strain 
distribution at a particular position of the strip when it 
is between the rolls. The general geometry is shown 
schematically on Figure 31a and b. After removal from the 
rolls (see Methodology on p. 33) the partially deformed 
strip was sliced to yield three longitudinal slices and ten 
transverse slices. Figure 31b presents a sketch of the strip 
showing how the slices were taken from the model and the 
coordinate system used to evaluate the strain distribution. 
The ten transverse slices were spaced as follows : Four in 
the region where rolling was completed (to left of dashed 
lines in Figure 33); three in the region between the rolls; 
one slice exactly at the point of entry into the rolls; one 
slice ahead of the rolls but close enough to entry to take 
account of the distortions that occur before entry; one slice 
64 
in the far field ahead of the rolls, i.e. in the undeformed 
region. The photoplastic fringe patterns (isochromatic) in 
the longitudinal slice which was taken from the center of 
the model (slice El) are shown on Figure 32a, while Figure 
32b reveals the isoclinics in the same slice, i.e., in the 
vertical (z) and horizontal (x) directions. Figure 32c and 
d show the isochromatic and isoclinics, respectively on a 
set of half transverse slices (C2, C4, C6, C8, C9 and CIO). 
From Figure 32b and d it can be observed that the isoclinic 
parameter 0° covers most of the areas of the slices. 
The strains were computed from the photoplastic data 
as before. Small deformations were assumed and Equation (8) 
(p. 59) applied. With the photoplastic data taken from both 
sets of slices, the strain distribution was obtained for 
three different planes in the y-direction and three dif­
ferent z positions in each plane. Figure 33a to Figure 33c 
shows the complete three-dimensional strain distribution. 
Each figure is for a different longitudinal slice (B slice). 
The positions of the lines (line A) where the strains were 
evaluated is shown to the right and the initial and final 
positions of the curvature are indicated by dashed lines. 
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V. DISCUSSION 
The objective of this section is to discuss the results 
obtained when the Laminae resin (100% rigid) was used as a 
photoplastic model material. Four points will be discussed 
based on the experimental results reported in the previous 
chapters. These are: 
a. Polyester Material Behavior and Properties 
b. Basic Modeling Requirements 
c. Upset Forging of 100% Rigid Laminae Rings 
d. Rolling of 100% Rigid Laminae Strips 
The first two parts will discuss the potential usefulness 
of the material. The last two parts will discuss the results 
obtained when the photoplastic material was applied to two 
forming operations. 
A. Polyester Material 
During the past five years considerable progress has 
been made in the use of polyester materials for photoplastic 
models. Since the material was first proposed [26], Burger 
et al. [27] used a 60:40 mixture of flexible to rigid resins 
to develop a model for the hot forming of aluminum. The flow 
properties of the material were shown to be easily controlled 
[28,29] by varying the mixture ratio, strain rate and test 
temperature. In addition to that, the capabilities of the 
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material to be transparent, optically sensitive to strains, 
isotropic and homogeneous, free of residual stress, not 
easily affected by time edge effects, easy to machine, and 
relatively inexpensive, combine to make it a very promising 
material for photoplastic studies to simulate metal forming 
processes. However, in recent studies [30,31] it was pointed 
out that the major disadvantage of the polyester material 
is the visco-elastic (relaxation) behavior. El-Hout [31] 
found that the 100% rigid Laminae not only responds very 
well to strain but also exhibits much less visco-elastic 
behavior than mixtures that include the flexible component. 
Up to 80% of the inflicted deformations were retained by 
the material- This was a definite improvement from previous 
work [27,28,30] where as little as 50% was sometimes retained. 
As a consequence, the 100% Laminae was selected for all sub­
sequent studies [33,34,77]. To date, however, no attempts 
were made to determine the influence of the relaxation on 
the locked in flow patterns of the material when it is 
tested. One of the main goals of this section is to give 
this additional information about the material. 
As pointed out on p. 53, relaxation is time and tempera­
ture dependent (see Figure 16). It can be avoided if these 
parameters can be controlled by, for example, maintaining 
the final deformations while the model is slowly cooled to 
a temperature (usually 4 0°C) below which relaxation is so 
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slow that it can be neglected. Unfortunately, most practical 
applications (e.g. rolling) are dynamic operations where this 
kind of slow cooling is not possible. Then, if relaxation 
exists in the material, it will be present in all tests as 
a parameter that should be taken into consideration. 
From the tests performed with different model geometries 
and with two different conditions of friction (calibration 
disk diametrally compressed, see p. 24; rings axially com­
pressed, see pp. 35-52), the amount of nominal deformation 
(%) was plotted against the retained deformation (%) 
(Figure A3, Appendix A). All plots lie on approximately 
the same straight line. The relaxation in the direction of 
compression is, therefore, not affected by friction or model 
geometry under the conditions and range of deformation used 
on those tests. On the other hand, the amount of retained 
(or nominal) axial deformation for short models plotted 
against lateral retained displacement reveals that friction 
is a very important parameter. Male and Cockcroft [35] 
were the first to suggest that the transverse deformations 
in axially compressed rings be used as a way to measure fric­
tion between tool/workpiece. Figure 6 shows that two dif­
ferent curves were obtained when the amount of retained 
deformation in axially compressed Laminae rings were 
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plotted against the retained decrease in internal diameter 
for two different frictions. Obviously, to verify the 
influence of the relaxation on the lateral flow (decrease 
in internal diameter), friction should be held constant. 
Similar tests for the same friction A performed under the 
same test conditions, but in such a way that relaxation 
was avoided (see p. 54) reveal a substantial difference 
between the curves on Figure 6. This trend suggests that 
the relaxation affects the lateral retained displacement 
(decrease in internal diameter) more than the retained 
amount of axial deformation. Two rings were then tested 
under two different conditions: A-16% which after relaxa­
tion had retained 11% axial deformation and A-11% without 
relaxation. The rings were then sliced and tiie strain 
distribution was found using finite deformation assumptions 
(p. 48). Thus, the influence of the relaxation on the flow 
pattern could be found. All other variables which could af­
fect the strain distribution in the two rings were maintained 
constant except that relaxation was permitted in one and 
avoided in the other. Figure 18a presents the position of 
the neutral radius for the two models. It shows a discrep­
ancy of (7.7%) at the central part of the models where z = 
0. Although the maximum total edge displacement differs by 
only 6% (Figure 14a and Figure 19a) the maximum displacement 
inward is 25% greater and the outward is 18% smaller for the 
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model A-11% (Figure 19b) than the corresponding values on 
the model A-16% (Figure 14b). It is important to note that 
the total displacement in the z-direction (Ah*) and r-
direction (Ab) have almost the same values whilst the 
max 
corresponding inward and outward maximum displacements, as 
well as the neutral radius positions, do not. The dis­
crepancy can be explained in terms of relaxation. For the 
ring in which relaxation is allowed (A-16%), as soon as the 
applied load is released, the material starts to relax. This 
occurs initially at 76°C (test temperature), and the amount 
of relaxation should be porportional to the magnitudes of 
the changes in the external geometry of the ring. However, 
when rhe ring specimen is removed from the temperature con­
trolled environmental chamber and allowed to cool at room 
temperature (procedure followed when relaxation is per­
mitted) , only the inside volume of the specimen remains 
warm enough to relax. If this occurs, the volume of 
cooled material surrounding to boundaries will be affected 
by elastic stresses as the inside continues to try and 
relax. Figure 13b (model A-16%), shows that relaxation 
in the z-direction was more near the central part of the 
ring than near the edges. This effect may not cause serious 
problems for models which have a symmetrical flow as in the 
case for flow in rings in the z-direction. On the other 
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hand, if the model has a nonsymmetrical flow, as for rings 
in the r-direction, the problem is more serious. The internal 
strains in the model are constrained from relaxing by the 
already cool boundary volume. They would probably rearrange 
towards a new equilibrium position with a consequent de­
crease in the inward flow and increase in the outward flow 
as observed experimentally. 
From the above discussion, the relaxation appears to 
affect the strain distribution on Laminae models that are 
subject to nonsymmetrical flow. However, the relaxation 
effects can be neglected when the model material is sub- * 
jected to symmetrical flow. Under this condition, relaxa­
tion does not seem to be a serious limitation considering 
that most of metal operations involve symmetrical flow. 
B. Basic Modeling Requirements 
If the results obtained on a model are to be applied to 
a prototype material and process, the problem of transition 
must be considered. Four basic similarity conditions are 
required for transition from model to prototype in photo-
plastic analyses. These are: 
1. Similarity of loading and geometry; 
2. Ramberg-Osgood or nondimensional stress-strain curves 
for model and prototype must be the same. 
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3. Poisson's ratio must have the same value for model 
and prototype in the plastic range. 
4. The "yield criteria" and flow rules must be the 
same for both materials. 
The last three of these conditions will be discussed in 
turn to establish whether the 100% rigid Laminae is acceptable 
for predicting gross plastic deformations in hot forming 
operations on aluminum. Aluminum was chosen as a prototype 
material because it has wide application in the metal forming 
industry and because recent research [27,31,77] have indi­
cated reasonable correlation between the deformations of hot 
aluminum and Laminae resins. The research for this disserta­
tion did not attempt to test any Laminae resin other than 
the 100% rigid mixture. 
In order to verify the second condition, dimensionless 
true stress-true strain curves were plotted from the result 
obtained for uniaxial compression of small cylinders (see 
Figure 2a) and compared with similar curves for hot aluminum. 
Figure 2b shows that this similarity condition is satisfied, 
i.e. the dimensionless terms proposed by Ramberg-Osgood 
EE/o and can be considered to be equal for the model 
and an aluminum prototype under uniaxial compression. To 
supplement this information, the true stress-true strain 
dimensionless curves were obtained for the disk diametrally 
compressed (assumed to be biaxial data) and for the rings 
axially compressed (triaxial data). The results are pre­
sented on Figure Al and A2 (Appendix A). The graphs show 
good agreement between those dimensionless terms and the 
uniaxial results for aluminum. It is well-known that the 
Ramberg-Osgood is not applicable for biaxial or triaxial 
tests, but the results presented show, at least, that the 
tests for the cylinder compressed diametrally and for the 
rings axially compressed had similar stress-strain curves 
when compared with aluminum. 
The condition that Poisson's ratio must be the same for 
model and prototype should not be critical. For large plas­
tic deformations, aluminum is assumed to approach a limiting 
value of Poisson's ratio equal to 0.5. As reported on p. 26, 
the average Poisson's ratio found, using tensioned bars, was 
0.485. For fully plastic deformation, the 100% rigid Lami­
nae should have an average Poisson's ratio close to 0.5. 
The tests for "constant volume" deformations reported on 
p. 40 further strengthens the argument in favor of good 
agreement between Poisson's ratio under gross plastic de­
formation of the model material and aluminum. It is general­
ly accepted that plastic deformations in metals occur with 
constant volume. The "average" volume change at any stage 
of deformation includes some elastic components and, there­
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fore, departs slightly from constant volume. 
Similarity of the yield laws has received a fair amount 
of attention although no substantial results have been pub­
lished yet. Several attempts" have been made to define the 
yield behavior of plastic materials [22,29,32]. Recent 
studies in polyester resin [22] shows that a modified von 
Mises yield law may better represent the yield behavior of 
the Laminae resin. For this case the ratio y /y„ > 1 where J c' T 
y^ is the compressive yield strength and y^ is the tension 
yield strength in uniaxial specimens. Data obtained from 
uniaxial tension specimens (p. 25) and compression specimens 
(Figure 4) for the material used in this investigation give 
a ratio y^/y^ = 2.1. If this ratio is used to characterize 
the flow of material under any stress state then the "law 
of yielding" is not completely satisfied with respect to 
Laminae and aluminum. The 100% rigid Laminae follows a modi­
fied von Mises criterion (y^/y^ > 1) and the yield behavior 
of aluminum are represented by von Mises criterion (y^/y^ = 1). 
In a parallel study [84] run at the same time of this 
research an attempt was made to evaluate the error that could 
be introduced when the results obtained for a material with 
a particular ratio y^/y_ are compared with another material 
with a different ratio. The analysis was made for a plane 
strain problem involving compression of a slab made from 
polyester material. Three different materials were used with 
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ratios Y^/y^ equal to 2.55, 2.02, 1.60. The strain distribu­
tions presented were very similar even though different 
amounts of plastic identation was applied to the models. 
Also, the slip lines derived from the isoclinics were es­
sentially identical. This indicates that the different 
ratios y^/Ym had only a minor influence on the overall flow 
field. Parallel to that, the plastic displacements obtained 
from a finite element solution using y^/y^ = 1 was compared 
with the results obtained from the three photoplastic models. 
The conclusion was that the different ratios Y^/Yq, did not 
seriously affect the solution to the particular problem that 
was being studied. From this it is reasonable to assume that 
the third modeling requirement has minor influence on simi­
larity problems under conditions of gross plastic deforma­
tion. 
Another important modeling parameter that is directly 
pertinent to the present study is the friction between work-
piece and tool. This requires that the coefficient of fric­
tion between the model and workpiece should be the same as 
that between the prototype material and workpiece. 
The effects of friction are discussed further in the 
next section which is concerned with the flow in upset forged 
rings. 
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C. Upset Forging of 100% Rigid 
Laminae Rings 
Based on the work of Male and Cockcroft [35] and on the 
theoretical approach developed by Avitzur [46] , the axial 
compression of rings is a particularly attractive method for 
studying friction in metal forming processes. According to 
this approach, the friction between a tool, in this case a 
flat platen, and a workpiece, in this case a ring in axial 
compression, is related to the change in the internal 
diameter of the ring for different amounts of compression 
(p. 35). Male and Cockcroft [35] and De Pierre et al. [47] 
developed the set of theoretical calibration curves in Figure 
6. Each curve represents the deformations characteristic 
of a specific "friction factor" m [46]. If the actually meas­
ured changes in internal diameter for different amounts of 
axial compression of a specific ring are plotted on the 
same graph, they should fall on a line that is similar in 
slope to the theoretical curves. The theoretical line closest 
to the experimental values then indicates the "friction 
factor" for the experimental process. 
When Laminae rings were compressed as described on p. 26/ 
i.e., with relaxation, for each of two friction values A and 
B, the resulting curves did not match the shape of the theo­
retical calibration lines for the same ring geometry. This 
is shown on Figure 6. However, when relaxation was not 
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permitted, that is, when the compressed model was cooled in 
the machine, the results obtained for the Laminae rings using 
friction A (sticking friction) had the same general shape as 
the calibration curves (Figures 6 and A4). It can be ob­
served that the apparent coefficient of friction between the 
platens and the Laminae ring is slightly greater than m = 1 
where m is the interface friction factor. This result agrees 
reasonably well with the theoretical and experimental results 
presented by De Pierre et al. [47]. The experimental values 
obtained for aluminum at 600°C for sticking friction condi­
tion and the mathematical derived curves for maximum friction 
(m=l) [47] are shown on Figure A4 (Appendix A). Also shown 
on this figure are the experimental results obtained for 
the Laminae rings of the same geometry for friction A (sticking 
friction). It can be seen that the experimental derived 
values for aluminum (600°C) and for Laminae (76°C) both cor­
related well with the maximum theoretical curve (m=l) com­
puted with bulge consideration. This trend suggests that 
the ratio y^/y,p > 1 for the Laminae material does not have 
much influence on the final geometry of the rings and conse­
quently, on the strain distribution. This agrees with the 
conclusions drawn by Freire in a recent study [84]. It 
therefore, appears that the mathematical calibration [47] 
can be used to obtain satisfactory values for the coefficient 
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of friction between platens and Laminae material using com­
pressed rings. Only the case of sticking friction is pre­
sented on Figure A4. 
The axially compressed ring was also used to verify a 
possible change on the coefficient of friction during the 
deformation process. The maximum values of the neutral 
radius position shown on Figure 8 and Figure 9, respectively, 
for friction A (sticking friction) and friction B were used. 
Those values (for small deformation and finite deformation 
solution) are plotted respectively against the corresponding 
amount of nominal deformation on Figure AS (Appendix A). 
Also shown on this figure are the average radius of each 
amount of nominal deformation. It can be seen that the maxi­
mum neutral radius positions do not change with respect to 
the positions of the average radius when friction A or 
sticking friction was used, i.e., the difference between the 
maximum position of the neutral radius and the average radius 
is constant. However, when friction B was used, the dif­
ference between the maximum positions of the neutral radius 
and the average radius is not constant and decreases as the 
amount of nominal deformation increases, i.e. the position of 
the maximum neutral radius increases with the amount of 
nominal deformation. The discrepancy on the maximum posi­
tion of the neutral radius for the ring B-24% was probably 
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caused by contamination of the contact surface in such a way 
that the proper friction B was not reached. For friction A 
the final contact area between ring and platen was the same 
as the initial contact area. For friction B, however, the 
final area was larger than the initial area of contact. 
The ring did not "stick" to the platen during compression. 
Figure A6 (Appendix A) shows that the increase in the contact 
area is a linear function of the amount of deformation. This 
means that an increase in the contact area corresponds to an 
increase in the maximum neutral radius position. Data for 
ring B-12% on Figure A6 falls off of the curve probably be­
cause of the nonsymmetrical compression due to temperature 
difference between the two platens. If the position of the 
neutral radius is accepted as an indication of the interface 
friction then the experimental results mentioned above 
suggests that the apparent coefficient of friction increases 
as the plastic deformation increases but only when the fric­
tion is such that sliding occurs between the platens and the 
model. This sliding corresponds to an increase in the contact 
surface and an increase in the position of the neutral radius 
as in the case of friction B. This experimental result 
agrees with the theoretical study made by Seguchi et al. 
[40] in which they give theoretical evidence for an increase 
in the coefficient of friction with the contact area as 
the plastic deformation increases. 
In order to evaluate the error introduced when the 
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second and third order terms on Equation (3) (p. 39) are 
neglected, the full strain distribution on the ring A-16% 
was evaluated assuming small deformations. The edge dis­
placement in the r-direction was then calculated from this 
strain data again using the assumption of small deformation. 
The results were shown on Figure 11. Although the dif­
ference between the computed total edge displacement and the 
measured edge displacement is about 8% (Figure 11a), the dif­
ference between the computed inward or outward displace­
ments and the respective measured values is about 50% 
(Figure lib). On the other hand, if the second order terms 
on Equation (3) are not neglected, the calculated edge dis­
placements in the r-direction under the assumption of finite 
deformations give better comparative results. The calculated 
inward or outward displacements compared with the respective 
measured values (Figure 14b) gives a difference not greater 
than 9%. One interesting feature is that when the small 
deformation or the finite deformation assumption is used, 
both give almost the same values for the total displace­
ment as can be observed on Figure 11a and Figure 14a. This 
can be explained considering the fact that when the small 
deformation assumption is used, it underestimates the values 
for as well as overestimates the total displacemsnt u, 
in the way in which the equations were used (p. 44). Before 
"inward" or "outward" displacements can be defined and 
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computed from tne experimentally determined strain fields, 
however, the neutral radius must be known. This was es­
tablished as the point where Sg = 0. But is small and 
has a small slope in the region where it is zero (Figure 12). 
It is, therefore, hard to find r^ accurately and small 
errors in and/or lead to big errors in the position of 
r^. Thus, even if the assumption of small deformations are 
acceptable with respect to the determination of and 
because the errors involved may be small, these small errors 
cause major shifts in the position of The computed 
values for inward and outward flow will then have large errors 
as shown in Figure lib. 
The photoplastic approach used in the rings axially 
compressed gives a three-dimensional strain distribution 
which permits a better understanding of the flow pattern 
during the plastic deformation. This has never been done 
before. The influence of external parameters, such as 
friction and geometry, on the inward flow under compression 
is important and has also not been reported before. 
The full three-dimensional strain distribution for a 
particular ring (A-16%) presented on Figures 12 and 13 
reveals inside information which warrant attention. The e 
r 
strain distribution assumes positive values all through the 
ring with the maximum values on the middle-plane (z=0) 
and close to the neutral radius position. For values of 
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z near the contact surface (z=0.153 in.) assumes the 
greatest values close to the inside and outside radius and 
drops quite rapidly to small values for < r < r^. The 
strain distribution has almost the same type of distribution. 
It assumes only negative values. The tangential strain. Eg, 
has negative values for r < r^, positive values for r > r^. 
There is only one radius where Eg = 0. This position de­
fines the positions of the neutral radius and can be seen 
on each frame of Figure 12. 
It is important to observe that in the regions close to 
the interface between platens and ring, for values of 
r. < r < r , the strains have small values. This is caused 
by the constraints against deformation due to the friction. 
A "dead zone" is observed, i.e. an area not fully affected 
by plastic deformation. The volume of material close to the 
interfaces has much smaller total strains than the material 
in the central portion of the ring. This can be also ob­
served by interpretation of the fringe orders on the radial 
slice where the narrow triangular area near the surfaces 
can be clearly seen (see Figure 18b and c). 
Another influence of the friction on the flow patterns 
of the rings is the curvature of the neutral radius (posi­
tion where Eg = 0) observed on Figure 8 and 9. The curvature 
is larger for friction A than B but in both cases it increases 
with the amount of deformation. The flow pattern is less 
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uniform for larger deformations and higher frictions. 
The results presented on Figure 15 for rings with dif­
ferent geometries (different thicknesses h) and compressed 
using the same friction A also reveal different curvatures 
for the locus of the neutral radius. The thickness clearly 
has an influence on the plastic flow. At the sanie friction 
thick rings will have more uniform flow than rings with small 
thickness. 
D. Rolling of the 100% Laminae 
Strips 
One of the principal goals of the earlier discussion 
was to provide substantial evidence that the 100% rigid 
Laminae resin together with the photoplastic technique can 
be used to simulate the three-dimensional strain distribu­
tions in a hot rolled billet of aluminum. The photoplastic 
results obtained in this experimental study for ratios W/H £ 
2 explore an unknown area. Current theoretical predictions 
are in error when the billets have width to thickness ratios 
less than 6 [59], yet this geometry is common in hot rolling 
of industrial ingots into billets. The finite element ap­
proach [71] and slip line solutions [72] likewise became 
unrealistic because of the assumptions of plane strain no 
longer held. It is well-known that for ratios W/H < 6 a 
noticeable side flow occurs [61] and that the assumption of 
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plane strain is no longer valid. Over the years, a number 
of attempts have been made to produce equations that pre­
dict the extent of the increase in width [60,62,63] for 
ratios W/H < 6. Most of these empirical equations are able 
to predict the side spread but do not provide any information 
about the internal flow pattern in the billets. Until now 
no theoretical or experimental approach is available to 
predict defects such as double-edge bulgings, edge cracks 
and others which appear during hot rolling operations in 
commercial practice. This is largely because the three-
dimensional strain distributions are not known. 
The three-dimensional strain distributions presented 
on Figures 22 to 27 for six different strip geometries pro­
vide, for the first time, a better understanding of the 
internal flow pattern in hot rolled billets of aluminum. 
The E strain distribution on the transverse plane is mainly 
responsible for the side spread. It is always positive. 
The distribution changes dramatically along different lines 
parallel to the y-axis. It shows that the flow is very non­
uniform. For a position close to the y-axis (line Al, z=0) 
the maximum values are on the meridian line and decrease as 
they move to the lateral free edges. This feature changes 
as the position of the lines A become closer to the contact 
surfaces. For a region close to a contact surface, the values 
of E are small near the middle of the billet and have sharp 
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peaks in a narrow area close to the edge. This may be ex­
pected because of the constraints due to the friction 
(sticking friction) in the y-direction. 
The functions describing when integrated along lines 
A, give the displacement of the edge. The results, which 
were plotted on Figures 28 to 30, show clearly the "double 
bulge." It does not occur for all strip geometries. Figure 
28 represents the ratio d/W = constant and it can be seen 
that the double-edge bulging formation is a function of the 
height (H) of the strip. On Figure 30 for d/H = constant 
it can be observed that the width (W) also has an influence 
on the "double bulge." On the other hand, the edge dis­
placement plotted on Figure 29 for W/H = constant reveals 
no "double bulge," although the same side spread was ob­
served. It can be concluded that the roll diameter, d, 
does not affect the double-edge bulging. This was not known 
before. 
The strains for each of the rolled strips, as shown 
in Figures 22c to 27c, are always negative because the roll 
pressure creates compressive strains. It is interesting, 
however, to observe its maximum values. For models that did 
not show the double-edge bulging (Figures 22, 25, 27) the 
maximum values along the meridian line (Bl) are on the axis 
of symmetry or y-axis. For the models which exhibited double 
bulging, the maximum on the meridian line (Bl) occurred 
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at some distance from the y-axis. This trend can be 
observed for all the strips for the strain distribution 
far from the meridian line. In general, the closer one 
moves towards the.lateral edge, the more the maximum value 
for E moves towards the contact surface. 
z 
The strain distribution presented on Figure 24d for 
a particular strip geometry (values for the other geometries 
are shown on Tables 2 to 7) reveals for the first time the 
whole strain distribution on a plane normal to the direction 
of rolling. It can be observed that the e strain distribu-
^ X 
tion is almost constant except for the region close to the 
contact area between the roll and the strip. The strain 
distribution in this region increases in value due to the 
effect of the rolls to pull the model. 
The three-dimensional strain distributions presented on 
Figure 33a to 33c as the strip drives through the rolls pro­
vide the instantaneous strain distribution in a region 
between the rolls. This is another important set of 
results that has never been reported before. The most ad­
vanced study was recently reported [71] using a finite ele­
ment approach to solve similar problems under the assumption 
of plane strain. The finite element results obtained in 
that study for the middle-plane of the strip show con­
siderable similarities with the results presented on the 
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above mentioned figures except that e is assumed to be zero. 
Much greater deformations (-40%) were used in the finite 
element analysis. 
Several interesting features can be observed on Figures 
33a to 33c. The strain distribution c assumes positive 
values all along the roll-direction (x-direction). It is 
relatively constant in the region that has already passed 
through the rolls. This corresponds, on the figures, to 
the area left of the dashed lines at the beginning of the 
curvature of the top edge of the slice. For the region 
which corresponds to the curvature on the strip, i.e. the 
area between the dashed lines, the c values decrease fairly 
smoothly to near zero for the positions A1 and A2 on the 
slices B1 to B3. This is not true for the position A3 
where E does not have such a rapid decrease in the region 
between the rolls. E is far from zero at the entrance to 
the rolls. Position A3 is close to the contact surface and 
for this reason the strains are affected very strongly by 
the friction between the rolls and the strip. This trend can 
also be observed on the fringe distributions shown on Figure 
32a. In the region of the strip free from deformation, 
i.e. the region on the right of the dashed lines, the 
figures show that the e strain distributions have small 
X 
values equal to or close to zero. The only exception is 
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again the position A3. The strain distribution has the 
saiae feature observed for the e values, except that it has 
negative values all along the roll-direction. The magni­
tudes of the values for both s and z appear to increase 
X z 
with y, i.e. from slice B1 to B3. 
The E strains have positive values all through the 
model. Their values are small and decrease in the z-direction, 
i.e., from AL to A3 on slices BL and B2. This is probably 
because of the constraints imposed by the friction between 
the roll surfaces and strip. For the slice B3 (close to 
the edge) the strain distribution e increases in the z-
direction. This was also observed on the six strips already 
analyzed and can be seen on Figures 22b to 27b. The values 
for E in this test are smaller than for most of che graphs 
in Figures 2 2 to 27. That is because this particular 
strip had a larger ratio W/H = 2. The lateral flow constraint 
is then more noticeable, and the problem, is slightly closer 
to plane strain than for the thicker billets. 
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VI. CONCLUSIONS 
The experimental study presented in this dissertation 
is concerned with model studies of the inelastic behavior 
of metals in the metal forming industry. The present tech­
nique not only provides overall quantities, such as geo­
metric changes of specimens and load-displacement curves, 
but also reveals inside information on the flow pattern. 
Persons who are interested in this area of research 
can draw several important conclusions from this study. In 
the author's opinion, the main conclusions obtained in this 
investigation are: 
1. The photoplastic material used in this experimental 
analysis as well as the three-dimensional photo-
plastic method of analyzing unloaded models with 
slicing techniques is a powerful way to simulate 
metals undergoing hot deformation. The technique 
is cheap if compared with similar analysis using a 
nonlinear finite element program. 
2. The relaxation, or spring-back, which takes place 
on the material when the specimens are unloaded 
affect the strain distributions in 100% rigid 
Laminae models that are subject to nonsymmetric 
flow. 
3. When rings are axially compressed, the dividing line 
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between flow inward and flow outward, called neutral 
radius, assumes a curvature position with the 
maximum value at the symmetrical plane normal to 
the load direction. The curvature itself is a 
function of the amount of deformation, friction 
between the contact surfaces, and the geometry 
of the rings. 
4. The experimental results obtained for rings axially 
co'.Tipressed show that the apparent coefficient of 
friction between the contact surfaces is not constant 
during the deformation. The coefficient of friction 
increases with the contact area as the plastic de­
formation increases. 
5. The "double bulge" formation on the edge of the 
rolled billet is a function of the geometry of the 
billet, but it is not a function of the roll diameter. 
5. The photoplastic technique of slicing permanently 
deformed unloaded models was demonstrated to be 
effective for determining the instantaneous strain 
distribution in the billets as the material ap­
proached the rollers. The three-dimensional results 
obtained has never been presented before. 
7. The results reported here for rolled billets did 
not include a study of the effects of process vari­
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ables such as number of passes of a billet through 
the rolls, rolling speed, and friction between 
rolls and billet; but these effects are now ac­
cessible to experimental investigation. 
The results of this program indicate that the initially 
proposed objectives were reached. However, further experi­
mental work should be done in order to give some additional 
information for a complete study of forming processes by 
simulation. These works include the following: 
a. The condition of sticking friction when no relaxa­
tion was permitted for the 100% rigid Laminae rings, 
axially compressed, correlated very well with the 
calibration curves of De Pierre et al. [46]. In 
order to verify if the theoretical calibration curves 
can be used for interface frictions other than 
"sticking" values, tests that do not allow relaxa­
tion should be run for different rings and different 
friction surfaces. It is also suggested that the 
test system used in the present study be redesigned 
to permit a better temperature control. 
b. Relaxation was shown in this dissertation to affect 
the strain distribution in cases where nonsymmetrical 
flow occurs. The author believes that relaxation 
has only a minor influence on problems with sym­
metrical flow. This should, however, be verified by 
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conducting tests to study the influence of the 
relaxation on the strain distribution. This is a 
important consideration because most forming oper 
tions involve symmetrical flow. 
Simple tests under the same conditions should be 
planned using at least two different polyester 
mixtures, with different ratios y^/y^, to verify 
the influence of different yield conditions on th 
strain distribution. This will provide additiona 
knowledge of the influence of the "yield criteria 
on the modeling requirements. 
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Figure 3. Calibration of material (a) material Optical constant 
for X = 633 nm, (b) typical isochromatic fringes on the 
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Figure 11. Comparison between measured edge displacement and 
calculated displacement in r-direction under 
the assumption of small deformation of the ring 
A-16%, (a) total displacement, (b) inside (flow 
inward) and outside (flow outward) displacements 
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gure 17. Strain distribution £j- and Cg through the thickness 
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Figure 18. Relaxation effects, ( a) comparison between 
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Figure 20.Notation used in strip rolling experiments, (a) 
sketch to show the general dimensions of the strip, 
(b) coordinate system and relative position of 
slices used to determine photoplastic data 
W = 0.4 in. 
H = 0.4 in. H = 0.6 in. H = 0.735 in. 
W/H = 1 < 
= 0.4 in. H = 0.6 in H = 0.735 in. 
H = 0.735 in. 
W = 0.4 in. W = 0.6 in. W = 0.8 in. 
Figure 21. Photoplastic fringe patterns for transverse slices 
of rolled strip, (a) three isochromatic patterns 
for strips with ratio W/d = constant, (b) same for 
W/H = constant, (c) d/H = constant, (d) isoclinic 
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Figure 22. Strain distributions for rolled strip: Strip 
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Figure 23. Strain distribution for rolled strips: Strip 
geometry w = 0.4 in. and H = 0.6 in. (W/H = 0.67) 
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Figure 25. Strain distribution for rolled strip: Strip 
geometry w = 0.6 in. and H = 0.6 in. (W/H = 1) 
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Figure 26. Strain distribution for rolled strip: Strip 
geometry w = 0.6 in. and H = 0.735 in. (W/H = 0.82) 
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Figure 27.Strain distribution for rolled strip: Strip 
geometry W = 0.8 in. and H = 0.7 35 in.(W/H = 1. 
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Figure 31. Sketch showing the partially deformed strip, (a) 
instantaneous position used to evaluate the strains, 
(b) slices taken from the model and coordinate 
system 
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Figure 32. photographs of photoplastic data from partially 
rolled strip, (a) isochromatic for central longi­
tudinal slice Bl, (b) 0® isoclinic (x and z-
direction) for slice in a, (c) isochromatics for 
six selected transverse slices, (d) 0° iso-
clinics (y and z-direction) for slices in c 
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Figure 33b. Variation in three-dimensional strains in the 
direction of rolling (x-direction) on a plane 
of the slice B2 
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VIII. TABLES 
Table 1. Final geometry of the compressed rings and comparison between u = e dr and measured 
displacement at the middle piano for solution i and iii (p. 42 ) 
Ring h^ h* r* r* Ab=b*-b^ u (sol. i) u (sol. iii) Error Related 
test 1 e with Ab 
(in.) (in.) (in.) (in.) (in.) (in.) (in.) Sol. i Sol. iii 
A- 8.0% 0.40 
A-12.5% 0.40 
A-15.0% 0.40 
A-20.0% 0.40 
B -8.0% 0.40 
B-12,0% 0.40 
B-16.0% 0.40 
B-24.0% 0.40 
A-16.0% 0.30 
A-15.0% 0.50 
A- 6.6% 0.40 
A-11.0% 0.40 
A-14.6% 0.40 
A-19.4% 0.40 
0.380 0.2905 
0.368 0.2860 
0.356 0.2830 
0.342 0.2785 
0.381 0.2940 
0.370 0.2930 
0.355 0.2905 
0.327 0.2890 
0.267 0.2790 
0.441 0.2860 
0.374 0.2875 
0.356 0.2785 
0.342 0.2710 
0.322 0.2605 
0.6150 0.0245 
0.6230 0.0370 
0.6325 0.0495 
0.6435 0.0650 
0.6130 0.0190 
0.6220 0.0290 
0.6330 0.0415 
0.6550 0.0659 
0.6290 0.0500 
0.6370 0.0510 
0.6185 0.0310 
0.6300 0.0515 
0.6400 0.0690 
0.6615 0.1010 
0.0235 0.0077 
0.0366 0.0129 
0.0536 0.0173 
0.0707 0.0233 
0.0192 0.0046 
0.0291 0.0106 
0.0398 0.0154 
0.0255 0.0255 
0.0517 
0.0495 
0.0522 
-4.1% -68.6% 
-4.1% -65.1% 
8.3% -65.0% 
8.7% -64.2% 
1.1% -75.8% 
0.4% -63.5% 
-4.1% -62.9% 
1.4% -61.4% 
3.5% 
-3.0% 
1.3% 
^For the last four tests, the final geometry is without relaxation (p. 53). 
The initial radius v/as r. = 0.3 in. (internal) and r = 0.5 in. (external). 1 e 
'^b* = r*-r* was measured on the middle plane of the radial slices. 
e 1 
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Table 2. strain distribution on plane y-z for the strip with 
W = 0.4 in. and K = 0.4 in. 
Position 
z (mm) B1 (y=0.20 mm) 
B2 
(1. 30 mm) 
B3 
(2.35 mm) 
B4 
(3.30 mm) 
B5 
(4.25 mm) 
A1 (z=0) 
A2 (z=l) 
A3 (z=2) 
A4 (z=3) 
A5 (z=4) 
0.0584 
0.0587 
0.0611 
0.0635 
0.0650 
0.0545 
0.0561 
0.0579 
0.0600 
0.0608 
0.0595 
0.0605 
0.0608 
0.0606 
0.0577 
0.0574 
0.0579 
0.0585 
0.0588 
0.0547 
0.0584 
0.0587 
0.0590 
0.0611 
0.0622 
and B lines are shown on Figure 22a. 
Table 3. C strain distribution on plane y-z for the strip with 
W = 0.4 in. and H = 0.6 in. 
B2 B3 B4 B5 
(y=0.20 mm) (1.30 mm) (2.30 mm) (3.30 mm) (4.30 mm) 
A1 (z=0) 0. 0566 0.0590 0.0571 0.0579 0.0650 
A2 (z=l) 0. 0564 0.0571 0.0554 0.0571 0.0603 
A3 (z=2) 0. 0571 0.0577 0.0537 0.0543 0.0568 
A4 (z=3) 0. 0582 0.0561 0.0556 0.0538 0.0551 
A5 (2=4) 0. 0590 0.0574 0.0551 0.0551 0.0540 
A6 (z=5) 0. 0603 0.0582 0.0564 0.0524 0.0511 
Z7 (z=6) 0. 0627 0.0598 0.0582 0.0537 0.0500 
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Table 4. strain distribution on plane y-z for the strip with 
W = 0.4 in. and H = 0.735 in. 
Position B2 B3 B4 B5 
^ (y=0.0 mm) (1.15 mm) (2.15 mm) (3.15 mm) (4.20 mm) 
A1 (z=0) 0. 0631 0.0632 0.0643 0. 0678 0.0655 
A2 (z=l) 0. 0634 0.0634 0.0642 0. 0661 0.0654 
A3 (z=2)  0. 0620 0.0631 0.0632 0. 0656 0.0647 
A4 (2=3) 0. 0621 0.0618 0.0637 0. 0634 0.0629 
A5 (z=4) 0. 0634 0.0639 0.0634 0. 0624 0.0612 
A6 (z=5) 0. 0648 0.0673 0.0664 0. 0620 0.0593 
A7 (2=6) 0. 0692 0.0686 0.0729 0. 0661 0.0602 
A8 (z=7) 0. 0716 0.0728 0.0784 0. 0730 0.0618 
A9 (z=8) 0. 0751 0.0732 0.0747 0. 0716 0.0790 
Table 5. E strain distribution on plane y-z for the strip with W = 0.6 in. and H = 0.6 in. 
Position 
z (mm) B1 B2 B3 B4 B5 B6 B7 B8 (y=0.25 mm) (1.35 mm) (2.35 mm) (3.35 mm) (4.35 mm) (5.35 mm) (6.35 mm) (7.35 mm) 
Al (z=0) 0.0564 0.0579 0.0585 0.0590 0.0630 0 .0626 0 .0650 0 .0632 
A2 (2 = 1) 0.0574 0.0577 0.0587 0.0601 0.0632 0 .0646 0 .0653 -
A3 (z=2 ) 0.0585 0.0585 0.0589 0.0611 0.0632 0 .0645 0 .0651 0 .0674 
A4 (z=3) 0.0613 0.0600 0.0614 0.0637 0.0637 0 .0656 0 .0693 -
A5 (z=4) 0.0627 0.0619 0.0626 0.0645 0.0645 0 .0669 0 .0660 0 .0703 
A6 (z=5) 0.0653 0.0629 0.0637 0.0640 0.0650 0 .0693 0 .0653 -
hi (z=5) 0.0666 0.0658 0.0659 0.0643 0.0642 0 .0674 0 .0692 0 .0498 
M 
M 
Table 5. G strain distribution on plane y-z for the strip with Vi = 0.6 in. and H = 0.735 in. 
Position 
z(mm) B1 B2 B3 B4 85 86 87 
(y=0.15) (1.45 mm) (2.70 mm) (3.95 mm) (5.20 mm) (6.45 mm) (7.55 mm) 
hi (z=0) 0.0530 0.0518 0 .0529 0 .0555 0. 0579 0. 0553 0.0592 
A2 (z=l) 0.0518 0.0506 0 .0517 0 .0553 0. 0574 0. 0556 0.0592 
A3 (z=2)  0.0540 0.0498 0 .0508 0 .0540 0, 0564 0. 0550 0.0582 
A4 (z=3)  0.0516 0.0490 0 .0516 0 .0529 0. 0548 0. 0551 0.0569 
A5 (z=4) 0.0516 0.0497 0 .0514 0 .0530 0, 0553 0. 0532 0.0574 
A6 (z=5)  0 .0522 0.0505 0 .0506 0 .0530 0. 0550 0. 0548 0.0605 
A7 (z=6) 0.0529 0.0519 0 .0510 0 .0511 0. 0531 0. 0545 0.0653 
A8 (z=7) 0.0566 0.0548 0 .0532 0 .0503 0. 0476 0. 0511 0.0582 
A9 (z=8) 0.0595 0.0579 0 .0569 0 .0553 0, 0700 0. 0361 0.0214 
4^ 
NJ 
Table 7. c strain distribution on plane y-z for the strip with W = 0.8 in. and H = 0.735 in. 
Position 
z (mm) B1 B2 B3 B4 B5 B6 B7 B8 (y=0.20 mm) (1.50 mm) (2.70 mm) (4.00 mm) (5. 30 mm) (6. 50 mm) (7.80 mm) (9.10 nun; 
Al (z=0) 0.0474 0.0469 0.0487 0.0503 0.0516 0.0532 0.0577 0.0606 
A2 (z=l) 0.0471 0.0482 0.0503 0.0510 0.0514 0.0542 0.0582 0.0600 
A3 (z=2)  0 .0482 0.0484 0.0506 0.0511 0.0519 0.0545 0.0579 0.0606 
A4 (z=3) 0.0502 0.0597 0.0509 0.0519 0.0529 0.0543 0.0577 0.0605 
AS (z=4) 0.0509 0.0511 0.0522 0.0532 0.0537 0.0550 0.0551 0.0603 
A6 {z=5) 0.0524 0.0516 0.0527 0.0543 0.0543 0.0564 0.0579 0.0611 
A7 (z=6) 0.0543 0.0533 0.0543 0.0556 0.0545 0.0569 0.060 3 0.0613 
A8 (z=7) 0.0543 0.0545 0.0524 0.0550 0.0566 0.0566 0.0577 0.0629 
A9 (z=8) 0.0550 0.0548 0.0534 0.0569 0.0545 0,0545 0.0574 0.0730 
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XII. APPENDIX B (TABLES) 
TABLE B1 - FRINGE VALUES NT (RADIAL SLICE) AND NZ (CIRCUMFERENTIAL SLICE) PER 
0,040 IN THICKNESS AND WAVE LENGTH 633 NM, VALUES OF R AND Z ARE 
GIVEN IN INCHES. INITIAL GEOMETRY OF THE RINGS WERE DI = 0,6 IN, 
DE = 1,2 IN AND H = 0,40 IN, 
MODEL A - 8% 
R*10E3= 290 310 339 367 396 424 452 401 509 538 566 594 614 
z =  0, 0 0 0  NT--- 1 , 7 0  1 , 9 6  2  . 3 3  2 . 6 4  2 . 6 9  2  . 66 2  . 3 3  1 . 9 5  1 . 7 4  1 . 4 9  1 .17 0 .71 0 . 4 7  
NZ=: 1 , 4 9  1 . 4 9  1 . 6 3  1 . 6 3  1 , 5 6  1 . 3 9  1 . 0 7  0 . 8 1  0 . 4 5  0 . 3 5  0 .17 0 . 0 5  0 . 1 3  
z =  0, 0 4 8  NT= 1 « 66 1 , 9 1  2 . 2 7  2 . 4 4  2 , 5 3  2 . 3 5  2 . 0 9  1 . 8 9  1 . 7 4  1 .60 1 . 2 7  0 . 7 8  0 , 4 9  
N Z =  1 .31 1 . 3 5  1 . 4 7  1 .42 1 . 3 8  1 .21 0 . 8 9  0 . 7 4  0 . 5 4  0 . 4 0  0 . 2 5  0 . 0 0  0 . 0 9  
Z" 0, 0 9 9  NT = 1 , 6 3  1 . 7 0  1 . 7 7  1.47 1.14 1 . 0 4  1 .  1 9  1.45 1 . 7 4  1 . 7 4  1 . 6 3  1 . 0 3  0 . 8 3  
N Z =  1 .31 1  .30 1 . 17 0 . 9 4  0.6 9  0 .51 0 . 5 6  0 . 6 5  0 . 6 3  0 . 6 I 0 . 4 0  0 . 2 0  0. 0 6  
z =  0, 1 4 8  NT= 1 , 7 0  1 , 4 7  0 .71 0.29 0 . 2 7  0 . 3 6  0 .44 0 . 5 7  0 . 7 8  1 . 1 6  1 .40 1  . 3 4  1. 3 0  
NZ= 1 , 11 0 , 9 2  0 .50 0 . 1 5  0 . 1 3  0 . 14 0 . 16 0 . 2 3  0 . 3 0  0 .46 0 .66 0 . 66 0 . 5 7  
z =  
~0, 0 4 0  NT= 1  , 6 7  1 , 8 6  2 , 0 4  2 . 0 9  2. 0 9  2 .04 1 . 9 7  1 . 8 6  1 . 7 6  1 .60 1  . 2 9  0 . 8 5  0.54 
N Z =  1 .51 1 .51 1 .40 1.31 1 . 2 0  1 .09 0 .99 0 . 8 4  0 .66 0 . 4 8  0 .25 0 .04 0 . 0 8  
z =  
- 0 ,  0 8 0  NT=: 1  .61 1 . 61 1 . 5 8  1 , 3 7  1.14 1  . 14 1 .37 1,64 1 . 7 1  1 .73 1 . 55 0 . 9 8  0 . 8 3  
N Z =  1 ,31 1  , 11 0 .99 0, 7 6  0.65 0 , 53 0 , 5 6  0 . 6 8  0 , 7 1  0 . 5 7  0 .42 0 , 16 0 . 1 2  
z =  
- 0 ,  114 NT= 1 ,40 1 , 2 7  1 . 0 4  0 , 7 1  0 . 4 9  0 .47 0 , 6 2  o
 
CD
 
1 . 2 7  1 . 5 0  1 . 55 1 . 4 7  1,22 
N Z =  0 ,91 0 .91 0 * 56 0 . 2 7  0 . 2 1  0 .23 0 ,33 0 , 3 5  0 .44 0 .53 0 .62 0 . 4u 0 . 3 5  
Z=-0,162 NT- 0,75 0,72 0,28 0,19 0,19 0,21 0,23 0,27 0,29 0,32 0,34 0,57 1,34 
NZ= 0,73 0,58 0,14 0,09 0,09 0,09 0,09 0,09 0,13 0,14 0,36 0,87 0,90 
TABLE:: - (CONTINUED) 
MODEL A -- 12% 
R*10E3= 286 309 337 366 394 422 451 479 508 536 564 593 621 
z= 0, 000 NT= 2 • 50 3 .02 2.57 4.19 4.55 4.37 3 .72 2 .92 2.48 2 .11 J. Ni
 
Ni
 
1 .07 0.62 
NZ= 2,15 2 .25 2.37 2.51 2.36 2.10 1 . 68 1 .20 0.87 0 .64 0 .31 0 .03 0.30 
z= 0» 051 NT = 2,48 2 ,89 3.31 3.64 3.72 3.46 3 .20 2 .89 2.69 2 .40 1 .89 1 . 19 0.71 
NZ= 2,14 2 , 14 2.28 2.23 2.12 1.82 1 .43 1 . 13 0.91 0 .72 0 .42 0 .03 0.17 
z= 0, 099 NT= 2,53 2 .65 2.65 2.02 1.32 1 .32 1 .76 2 .45 2.89 2 .89 2 .56 1 . 63 1.13 
NZ= 1,99 1 ,92 1.73 1.27 0.89 0.68 0 .86 0 .94 1.00 0 .94 0 . 85 0 .43 0.16 
z= 0, 142 NT= 2,40 2 .49 1.11 0.34 0.33 0.42 0 .60 0 .86 1.34 2 .27 3 . 10 2 .71 2.38 
NZ= 1,87 1 ,57 0.77 0.12 0.13 0.16 0 .23 0 .37 0.52 0 .72 1 . 19 1 . 15 1 .02 
z = - 0, 043 NT= 2,53 2 .87 3.26 3.54 3.63 3.51 3 .32 2 .87 2.58 2 .25 1 .86 1 . 15 0.75 
NZ~ 1,94 2 .06 2,07 1.92 1.83 1.62 1 .40 1 .20 0.97 0 82 0 .47 0 .05 0. 18 
z = -
-0» 085 NT= 2,44 2 .59 2,59 2.33 1.71 1.71 2 .22 2 .61 2.69 2 .57 2 . 12 1 .29 0.93 
NZ= 2,18 1 .89 1.65 1.26 0.86 0.74 0 .88 1 .01 1.13 1 .02 0 .90 0 .43 0.08 
z =  0» 122 NT- 2,60 2 .38 1.79 0.74 0.54 0.54 0 . 78 1 .42 2.30 2 ,65 2 .64 1 .77 1.52 
NZ= 1,77 1 .48 1.07 0.37 0.16 0.16 0 .29 0 .46 0.66 0 .86 1 .11 0 .86 0.62 
Z=: 
-0» 165 NT= 2,30 1 .78 0.24 0.18 0.16 0.23 0 .27 0 .31 0.39 0 .42 1 .47 2 .97 3.20 
NZ= 1,37 0 .80 0.08 0.08 0.10 0.10 0 . 10 0 .10 0.10 0 .15 0 .20 0 . 46 1.57 
TABLE. - (CONTINUED) 
MODEL A - 16% 
R*10E3= 283 314 343 371 399 428 456 485 513 542 570 598 630 
Z= 0,000 NT= 3,50 4,34 5,29 6,03 6,51 6,18 5,42 4,38 3,58 2,96 2,35 1,60 0,66 
NZ= 3,03 3,26 3,50 3,69 3,64 3,23 2,64 1,85 1,27 0,83 0,36 0,08 0,52 
Z= 0,051 NT= 3,45 4,19 4,87 5,34 5,42 5,11 4,57 4,23 3,77 3,40 2,64 1,70 0,65 
NZ= 2,83 3,00 3,12 3,12 2,97 2,60 2,11 1,80 1,47 1,11 0,69 0,02 0,46 
Z= 0,102 NT= 3,58 3,87 3,87 2,76 1,66 1,99 2,84 3,68 4,19 4,32 3,78 2,55 1,02 
NZ= 2,83 2,61 2,32 1,50 0,82 0,85 1,09 1,40 1,67 1,81 1,65 0,82 0,10 
Z:= 0,153 NT= 4,60 4,24 0,56 0,24 0,18 0,28 0,41 0,54 0,82 1,53 4,14 6,44 5,52 
NZ= 2,85 2,46 0,61 0,08 0,07 0,10 0.14 0,20 0,29 0,54 1,38 2,93 2,65 
Z=-0,045 NT=: 3,45 4.14 4,70 5,16 5,39 5,11 4,60 4,27 3,75 3,32 2,63 1,71 0,77 
NZ=-- 2,76 2,88 3,00 2,93 2,87 2.56 2.09 1.79 1.44 1.07 0,63 0,03 0,48 
Z=-0,098 NT= 3,58 3,58 3,32 2,35 1,28 1,71 2,50 3,58 4,16 4,32 3,68 2.50 0.59 
NZ=: 2,80 2,44 2,08 1,42 0,81 0,81 1,12 1,49 1,74 1,66 1.38 0,71 0,00 
Z=-0,153 NT= 4,00 3,09 0,18 0,18 0,24 0,31 0,43 0,61 0,77 1,00 3,78 5,62 6,10 
NZ=: 2,20 1,78 0,53 0,06 0,07 0,08 0,11 0,18 0,27 0,64 1,38 2,66 3,00 
TABLE PI - (CONTINUED) 
MODEL A - 20% 
R*10E3= 290 3:1.0 347 375 404 432 460 409 517 546 574 602 631 
Z=-0.006 NT= 4,92 5,84 6,77 7,29 7,37 7,10 6,33 5,53 4,81 4,16 3,40 2,38 0,91 
NZ- 4,07 4,32 4,36 4,40 4,20 3,70 2,90 2,35 1,69 1,13 0,54 0,10 0,82 
Z= 0,037 NT= 4,91 6,02 6,87 7,30 7,31 6,87 6,25 5,54 5,01 4,42 3,58 2,51 0,93 
NZ=: 4,05 4,18 4,33 4,27 4,05 3,42 2,84 2,25 1,88 1,46 0,94 0,20 0,63 
Z= 0,085 NT= 4,60 5,32 5,63 5,63 4,58 4,19 4,55 5,03 5,25 5,27 4.69 3,18 0,93 
NZ= 3,65 3,45 3,30 2,98 2,16 1,78 1,72 1,84 1,94 2,02 2,00 1,32 0,08 
Z= 0,142 NT== 5,20 5,22 0,98 0,47 1,09 1,91 2,43 2,79 3.18 4.47 5,81 5,81 2,86 
NZ= 3.40 2,16 0,65 0.17 0.39 0.57 0.78 0.78 0.88 1.00 1.55 2.18 2.40 
Z=-0.043 NT= 4.68 5,26 5.74 6.05 6.05 5.48 5,14 5.04 4.91 4.50 3.64 2.56 0.88 
NZ= 3,85 3.85 3.76 3.66 3.37 2.85 2.44 2.11 1.84 1.54 1,07 0.23 0.63 
Z=-0.082 NT= 4,55 4.68 4.47 3,18 2,25 2,95 4,08 4,78 5,12 5.12 4.52 2.87 1.45 
NZ= 3,41 2.54 2,86 2,06 1,23 1,23 1,67 1.83 2.14 2.00 1.67 0.79 0.28 
Z=-0.119 NT= 4,37 1,71 0,54 0,65 0.93 1.40 2,33 4,08 5,25 5,58 5,37 5.38 4,00 
NZ= 3,04 2.67 1.15 0,22 0,34 0,34 0,41 0,67 1,19 1,93 2,50 1,78 1,07 
TABLE B1 - (CONTINUED) 
MODEL D - 8% 
R*10E3= 294 3.1.1. 339 368 396 425 453 482 510 538 567 595 612 
z= 0. 006 NT=: 1 ,75 1 ,89 2 ,00 2 ,00 1 ,87 1 ,68 1 ,58 1 , 55 1 ,54 1,44 1 ,21 0 ,85 0, 64 
NZ = 1 ,40 1. ,28 1 ,23 1 ,12 0 ,93 0 ,80 0 ,71 0 ,62 0 ,51 0,43 0 ,30 0 ,10 0, 00 
z= 0, 057 NT= 1. ,76 1 ,92 2 ,07 2 , 10 2 ,12 2 ,07 1 ,91 1 ,79 1 ,61 1,45 1 ,11 0 ,74 0, 55 
NZ= 1 ,42 1 ,31 1 ,23 1 ,17 1 ,08 0 ,96 0 ,81 0 ,70 0 ,54 0,44 0 ,26 0 ,09 0, 13 
z= 0, 108 NT= 1 ,68 1 ,68 1 ,62 1 ,45 1 ,17 1 ,03 1 ,09 1 ,20 1 ,32 1,44 1 ,40 1 ,09 0, 97 
NZ= 1 ,31 1 ,13 0 ,96 0 ,79 0 , 58 0 ,45 0 ,36 0 ,33 0 ,39 0,41 0 ,38 0 ,25 0, 10 
z= 
-0, 045 NT = 1 ,69 1 ,69 1 ,73 1 ,71 1 ,7:1 1 ,71 1 ,72 1 ,72 1 ,62 1,49 1 
CD Ci 
0 ,86 0, 68 
NZ= 1 ,31 1 , 17 1 ,06 0 ,95 0 ,84 0 ,77 0 ,71 0 ,62 0 * 55 0,47 0 ,32 0 ,11 0, 00 
Z=-0,094 NT=: 1,42 1,33 1,17 1,02 0,91 0,95 1,07 1,23 1,32 1,40 1,33 1,06 0,98 
NZ= 0,99 0,91 0,71 0,52 0,44 0,38 0,32 0,38 0,43 0,44 0,50 0,32 0,17 
TABLE B1 - (CONTINUED) 
MODEl., B - 12% 
R*10E3= 293 316 344 373 401 429 458 486 515 543 571 600 623 
Z=-0,006 NT=: 2,58 2,80 2,95 3,01 3,02 2,96 2,74 2,49 2,28 2,07 1,77 1,22 0,78 
NZ- 2,04 1,88 1,81 1,71 1,61 1,42 1,16 0,97 0,79 0,64 0,44 0,11 0,15 
Z= 0,043 NT= 2,70 2,90 3,02 3,00 2,85 2,67 2,46 2,31 2,18 2,01 1,78 1,30 0,86 
NZ= 2,01 1,90 1,85 1,70 1,49 1.24 0,99 0,85 0,71 0,59 0,40 0,18 0,06 
7.~ 0,091 NT= 2,73 2,82 2,82 2,56 2,00 1,76 1,80 1,96 2,09 2,10 1,94 1.61 1.18 
NZ= 1,90 1,79 1,65 1,33 0,96 0,73 0,61 0,61 0,63 0,63 0,57 0,37 0,14 
Z=-0,057 NT= 2,45 2,45 2,41 2,35 2,22 2,18 2,24 2.33 2.34 2.25 1.93 1,44 0.97 
NZ= 1.81 1,66 1,52 1,34 1,17 1,04 0.98 0,91 0,84 0,79 0,66 0,35 0,03 
Z=-0,108 NT= 2,02 1,88 1,67 1,36 1,20 1,14 1,31 1,58 1.91 2,14 2,16 1,79 1,63 
NZ=: 1,32 1,20 1.00 0.80 0,61 0,47 0,53 0,59 0,71 0,85 0,88 0.71 0.41 
TABLE B1 - (CONTINUED) 
MODEL B - 16% 
R*10E3= 292 320 348 377 405 434 462 490 519 547 576 604 632 
z= 
-0, oil NT = 4 ,09 3,93 3,82 3 ,78 3 ,73 3 ,57 3 ,41 3 ,27 3 
CD 
•
 3 ,08 2,85 2, 36 1, 61 
NZ= 2 ,98 2,59 2,28 2 ,08 1 ,86 1 ,61 1 ,33 1 ,03 0 ,88 0 ,71 0,52 0, 13 0, 19 
z= 0, 040 NT= 3 ,84 4,05 4,28 4 ,27 4 ,08 3 ,70 3 ,44 3 ,25 3 ,23 3 ,17 2,85 2, 37 1 , 66 
NZ= 3 ,03 2,88 2,63 2 ,45 2 ,12 1 ,72 1 ,27 1 ,04 0 ,87 0 ,72 0,52 0, 16 0, 18 
z= 0. 088 NT = 3 ,31 3,96 4,28 3 ,99 3 ,43 2 ,93 2 ,95 3 ,08 3 ,23 3 ,27 3,06 2, 50 1, 72 
NZ=: 2 ,50 2,76 2,80 2 ,36 1 ,84 1 .42 1 , 13 1 , 11 1 ,02 0 ,97 0,91 0, 63 0, 08 
z= 
-0, 060 NT= 3 ,97 3,64 3,42 2 ,95 2 ,60 2 ,52 2 ,73 3 ,01 3 ,16 3 , 14 2,91 2, 44 1, 77 
NZ= 2 ,72 2,32 1,91 1 ,58 1 ,16 0 ,99 1 ,05 1 , 12 1 ,05 0 ,94 0,70 0, 32 0, 00 
z= 0, 108 NT= 3 ,30 3,08 2,67 1 ,99 1 ,79 1 ,79 1 ,94 2 ,21 2 ,49 2 ,75 2,78 2, 46 2, 21 
NZ= 2 ,06 1,78 1,43 0 ,98 0 ,75 0 ,67 0 ,63 0 ,81 0 ,91 1 ,05 1,08 0, 84 0, 47 
TABLE B:l - (CONTINUED) 
MODEL B - 24% 
R*10E3= 300 328 357 385 414 442 476 499 527 556 584 612 641 
Z=: 0,009 NT=: 5,78 5,88 6,02 6,08 5,91 5,63 5,36 5,10 4,96 4,75 4,33 3,49 1,91 
NZ= 4,53 4,04 3,72 3,46 3,09 2,77 2,25 1,98 1,73 1,47 1,06 0,43 0,39 
Z= 0.043 NT= 5,69 6,00 6,24 6,19 5,92 5,53 5,35 5,16 4,99 4,80 4,37 3,49 1,95 
NZ= 4,27 4,06 3,83 3,42 2,97 2,51 2,12 1,87 1,66 1,47 1.1(3 0.68 0.23 
Z= 0.091 NT= 5.19 6.00 5,91 5,17 4.55 4.47 4.55 4.70 4.80 4.89 4.78 3.98 2.47 
NZ= 3.96 3.82 3.55 2.83 2.16 1.94 1.76 1.67 1.61 1,52 1.58 1.38 0.32 
Z=-0.057 NT= 5.60 5.82 5.83 5.42 4.63 4.26 4.26 4.52 4.77 4.79 4.47 3.58 2.05 
NZ= 4.25 3.93 3.49 2.93 2.29 1.89 1.66 1.63 1.57 1.54 1.25 0.77 0.13 
Z=-0.105 NT= 5.18 5.42 4.49 3.18 3.04 3.01 3.16 3.41 4.10 4.52 4.58 3.91 2.94 
NZ= 3.88 3.59 2.87 1.82 1.32 1.15 1.06 1.12 1.22 1.44 1.64 1.42 0.75 
TABLE B2 - FRINGE VALUES NT (RADIAL SLICE) AND NZ (CIRCUMFERENTIAL SLICE) PER 
0,040 IN THICKNESS AND WAVE LENGTH 633 NM, VALUES OF R AND Z ARE 
GIVEN IN INCHES, INITIAL GEOMETRY OF THE RINGS WERE DI = 0,6 IN, 
DE = 1,2 IN AND H - 0,30 IN, 
MODEL 1 A - 16% 
R*1 OE :3= 282 310 339 368 396 425 453 482 510 539 568 596 625 
Z= 0, 000 NT= 2 ,25 3 ,35 4 ,29 5,34 6,03 5 ,85 4 ,89 4,03 3 ,49 3,02 2 ,54 1 ,73 0,63 
NZ= 2 ,69 2 ,99 3 ,39 3,59 3,55 3 .12 2 ,48 1,75 :i. ,29 1,01 0 ,56 0 ,04 0,47 
Z= 0, 043 NT= 2 ,38 3 ,47 4 ,47 5,32 5,62 4 ,97 4 , 18 3,85 3 ,70 3,53 2 ,97 1 ,98 0,77 
NZ= 2 ,53 2 ,97 3 ,36 3,52 3,33 2 ,76 2 ,16 1 ,66 1 ,38 1,11 0 ,80 0 ,21 0,38 
Z= 0, 080 NT= 2 ,80 4 , 13 4 ,29 3.54 2,43 2 ,86 3 ,25 3,36 3 ,86 4,18 4 ,21 3 ,10 0,95 
NZ= 2 ,81 3 ,25 2 ,78 2,01 1,48 1 ,44 1 ,44 1,44 1 , 44 1,44 1 ,44 1 ,03 0,16 
Z= 0, 115 NT = 5 ,45 5 ,45 1 ,90 0,48 0,37 0 ,71 2 ,06 2,96 3 ,27 3,40 3 ,60 5 ,56 1,90 
NZ= 2 ,80 2 ,22 0 * 55 0,11 0,11 0 ,33 0 ,98 1,28 1 ,38 1 ,13 0 ,90 2 ,07 2,62 
z=-o. 040 NT= 2 ,62 3 ,39 3 ,97 4,15 3,94 3 ,62 3 ,73 3,97 3 ,92 3,58 2 ,86 1 ,80 0,77 
NZ = 2 ,47 2 ,81 2 ,85 2,56 2,03 1 ,68 1 ,70 1 ,70 1 ,56 1 ,27 0 ,97 0 , 35 0,35 
N
 
n
 i O
 
077 NT= 2 ,96 3 ,78 3 ,81 2,01 0,82 0 ,99 1 ,77 2,88 3 ,97 4,29 4 ,15 2 ,62 1,11 
NZ- 2 ,84 2 , 64 2 ,34 1,15 0,41 0 ,43 0 ,65 0,92 1 ,38 1 ,76 1 ,99 1 ,46 0,54 
N
 II 1 O
 
114 NT= 4 , 68 4 ,76 0 ,69 0,19 0,19 0 ,24 0 ,40 0,77 1 ,16 2,12 4 ,29 4 ,37 3,28 
NZ= 3 ,20 2 ,76 0 ,21 0,06 0,06 0 ,06 0 ,08 0,08 0 ,08 0,10 0 ,74 1 ,56 2,80 
TABLE B3 - FRINGE VALUES NT (RAIHAL SLICE) AND NZ (CIRCUMFERENTIAL SLICE) PER 
0,040 IN THICKNESS AND WAVE LENGTH 633 NM. VALUES OE R AND Z ARE 
GIVEN IN INCHES, INITIAL GEOMETRY OE THE RINGS WERE DI = 0.6 IN, 
DE 1.2 IN AND H = 0,50 IN, 
MODEL A - 16% 
R*10E3= 299 317 346 374 402 431 459 488 516 545 573 601 630 
z= 0, 003 NT = 4,23 4,44 4.70 4.81 4. 79 4,50 4 . 15 3 ,73 3 .31 2.83 2.28 1 .56 0.82 
NZ= 3,43 3,12 2.97 2.82 2. 49 2.14 1 .76 1 .27 0 .96 0.62 0.21 0 .14 0.52 
z= 0. 045 NT= 4,02 4,05 4.10 4.16 4, 04 3.81 3 .62 3 .41 3 .17 2.86 2.26 1 .62 0.87 
NZ- 3,06 2,73 2,48 2.26 2. 04 1.79 1 .50 1 .26 1 .04 0.81 0.52 0 .06 0.29 
z= 0, 099 NT=: 3,10 2,91 2,70 2.49 2, 43 2.57 2 .77 2 .96 2 .96 2.86 2.50 1 .88 1.46 
NZ=: 2,15 1,92 1,57 1.20 1. 03 1.11 1 .17 1 ,21 1 .14 1.03 0.81 0 .40 0.09 
z= 0, 145 NT-= 2,38 1,83 1,32 0.87 0. 85 1.21 1 . 66 2 ,25 2 .63 2.74 2.59 2 .22 2.00 
NZ= 1,43 1.17 0,74 0.41 0. 25 0,35 0 .41 0 , 64 0 .96 1.20 1 .23 0 .98 0.79 
z= 0, 193 NT = 1,24 0,65 0,24 0.20 0. 22 0,26 0 .34 0 .45 0 .69 1.30 2.86 3 .10 3.50 
NZ= 0,81 0,43 0,12 0.11 0, :l.l 0.11 0 .11 0 .11 0 .11 0.16 1.51 2 .22 3.00 
z=' 
-0, 045 NT= 4,17 4,39 4,76 5.00 5. 00 4.71 4 .33 3 .78 3 .40 2.91 2.45 1 .67 0.80 
NZ= 3,53 3,17 3,06 3.02 2. 80 2.44 1 .94 1 .51 1 .13 0.77 0.28 0 .06 0.52 
z=-
-0, 085 NT= 3,65 3.99 4.31 4.51 4, 44 4.02 3 .81 3 .42 3.12 2.58 1 .83 0.90 
NZ= 2,96 2.85 2,81 2.66 2. 45 2 • 11 1 .72 1 .40 1 . 17 0.86 0.43 0 .00 0.37 
z=- 0, 128 NT- 3,07 3.28 3.49 3.08 2. 78 2.71 2 .95 3 . 2 o 3 .41 3.39 2.94 2 .08 1.32 
NZ=: 2,62 2,41 2.21 1.90 1. 55 1.30 1 .31 1 .31 1 .31 1.19 0.93 0 . 36 0.18 
TABLE Ei4 - FRINGE VALUES NT (RADIAL SLICE) A NI:' NZ (CIRCUMFERENTIAL SLICE) PER 
0,040 IN THICKNESS AND WAVE LENGTH 633 NM, VALUES (3F R AND Z ARE 
GIVEN IN INCHES. INITIAL GEOMETRY OF THE RINGS WERE DI = 0,6 IN, 
DE = 1,2 IN AND H = 0,40 IN, 
MODEL A - 11% (NO RELAXATION) 
R*tOE3= 290 318 347 375 404 432 460 489 517 546 574 602 631 
-0,014 NT= 3,57 4,37 5,12 5,79 5,94 5,80 5,29 4,47 3,70 2,96 2,41 1,60 0,74 
NZ= 3,26 3,46 3,61 3,73 3,59 3,19 2,62 1,89 1,19 0.79 0,27 0,06 0,43 
Z= 0,040 NT= 3.36 4,34 5,34 6,37 6,81 6,53 5,66 4,68 3,81 3,10 2.46 1,67 0,71 
NZ= 3,30 3.60 3,88 4,13 4,10 3,52 2,79 2.01 1.29 0.84 0.35 0,00 0,42 
Z= 0,085 NT:= 3.39 4,26 4,81 4.93 4,15 3,90 4,14 4,15 4.52 4.04 3.16 2,05 0.86 
NZ=: 2.99 3.18 3.21 2.93 2,21 1,97 1.98 1.93 1,87 1,58 0,96 0,28 0,36 
Z= 0,145 NT= 3.99 4,95 2,91 1,01 0,77 0,87 1,30 1.90 3,02 4,26 5,85 4,52 2,43 
NZ= 4.10 3.13 1,44 0.54 0.32 0,34 0,41 0,61 0,86 1,31 1,94 3,08 4.00 
Z=-0.060 NT=: 3.76 3,81 3,70 3,41 3,04 3,31 3,70 3,97 3,85 3,23 2,59 1,69 1,02 
NZ= 3,08 2,76 2,40 1,99 1.68 1,57 1.73 1.72 1.56 1,17 0.72 0,18 0,14 
Z=-0,114 NT:: 3.33 2,76 1.88 0.82 0,61 0.66 1.08 1.75 3,12 3.85 3,23 2,20 1,90 
NZ= 2.34 1.88 1.23 0.60 0.36 0.35 0,47 0.81 1,31 1.69 1,46 0.84 0.63 
